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Abstract

In this paper, we define the binomial transform of the generalized Tribonacci sequence and as
special cases, the binomial transform of the Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin,
modified Tribonacci, modified Tribonacci-Lucas and adjusted Tribonacci-Lucas sequences will be
introduced. We investigate their properties in details. We present Binet’s formulas, generating
functions, Simson formulas, and the summation formulas for these binomial transforms.
Moreover, we give some identities and matrices related with these binomial transforms.
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1 Introduction and Preliminaries

In this paper, we introduce the binomial transform of the generalized Tribonacci sequence and we
investigate, in detail, six special cases which we call them the binomial transform of theTribonacci,
Tribonacci-Lucas, Tribonacci-Perrin, modified Tribonacci, modified Tribonacci-Lucas and adjusted
Tribonacci-Lucas sequences. We investigate their properties in the next sections. In this section,
we present some properties of the generalized 3-step Fibonacci sequence.

The generalized 3-step Fibonacci sequence (also called the generalized Tribonacci sequence)

{Wa(Wo, W1, Wa; 7, 8,t) tnxo
(or shortly {Wp}n>0) is defined as follows:

Wn =1rWh_1 4+ sWp_2 +tW,,_3s, Wo=a, W1 = b, Wy = c, n>3 (1.1)
where Wy, W1, Wa are arbitrary complex (or real) numbers and r, s,¢ are real numbers.
This sequence has been studied by many authors, see for example [1,2,3,4,5,6,7,8,9,10,11,12,13].
The sequence {W, },>0 can be extended to negative subscripts by defining
s r 1
W_n = _gwf(nfl) - wa(n72) + gwf(n73)

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

As {W,} is a third order recurrence sequence (difference equation), it’s characteristic equation is

2 —ra® —sx—t=0 (1.2)
whose roots are
a = a(r,s,t):g—i—A—FB,
B = Blrsi)=g5+wA+w’B,
vy = 'y(ns,t)zg—i—sz—i—wB
where
r3 S t 1/3 r3 S t 1/3
A = — 4+ — + = A B=(—=4+—+=-—-VA
(27+6+2+\f) , (27+6+2 f) ;
r3t r2g? rst s3 t? -1+ 'L\/§
A = A =———+— — — + — = = 27i/3).
s =5 s ts wT T 2 exp(2mi/3)

If A(r,s,t) > 0, then (1.2) has one real (a) and two non-real solutions with the latter being
conjugate complex. So, in this case, it is well known that the generalized 3-step Fibonacci numbers
(the generalized Tribonacci numbers) can be expressed, for all integers n, using Binet’s formula

pra” p28" 3"

LA P Y AN/ S B S vy vy

(1.3)

where
p1=Wa — (B+7)Wi + ByWo, p2 = Wa — (a +4)W1 + ayWo, ps = W2 — (a + B)W1 + afWo.

Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all
integers n, for a proof of this result see [14]. This result of Howard and Saidak [14] is even true in
the case of higher-order recurrence relations.

o0
Next, we give the ordinary generating function ) Wpz" of the sequence W,,.
n=0
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Lemma 1.1. Suppose that fw, () = > Waa" is the ordinary generating function of the generalized

n=0
(=]
3-step Fibonacci sequence (the generalized Tribonacci sequence) {Wr}n>o0. Then, > Wya™ is given
n=0

by

o _ _ _ 2
Z W,z = Wo + (W — rWo)z + (We — rWi — sWo)zx . (1.4)
n=0

1—rx—sx?—tax3

We next find Binet’s formula of the generalized 3-step Fibonacci sequence (the generalized Tribonacci
sequence) {W,} by the use of generating function for W,,.

Theorem 1.2. (Binet’s formula of the generalized 3-step Fibonacci numbers (the generalized Tribo-
nacci numbers)) For all integers n, we have

Ap— 425" 437" 15
@=Aa- " B-aB-7 " G-aG6-5 (15)
where
q = WoOzQ =+ (Wl — ’f’Wo)Oé + (WQ —rWyp — SWQ),
@@ = WoB*+ (Wi —rWo)B+ (Wa — rWy — sWo),
g3 = WO’YQ + (W1 — TW())’Y + (W2 —rWy — SWO).

Note that from (1.3) and (1.5) we have
Wo — (B+)Wi +ByWo = Woa® + (Wi —rWo)a + (We — rWy — sWo),
Wa — (a+~)W1 + ayWo WoB® + (Wi — rWo)B + (Wa — Wi — sWo),
Wy — (a + ﬂ)Wl + afWy WO’YQ + (Wl — rWo)’y + (W2 —rWy — SW()).

In this paper, we consider the case r = 1, s = 1,¢ = 1 and in this case we write V,, = W,. So,
the generalized Tribonacci sequence {Vy}n>0 = {Vi(Vo, Vi, V2)}n>o is defined by the third-order
recurrence relations

Vn - Vn—l + Vn—Q + Vn—S (16)
with the initial values Vp = co, Vi = c1, Va2 = ¢2 not all being zero.
The sequence {V;, }»>0 can be extended to negative subscripts by defining
Von = _Vf(nfl) - Vf(n72) + V—(nf?:)

for n =1,2,3,.... Therefore, recurrence (1.6) holds for all integer n.

(1.3) can be used to obtain Binet’s formula of generalized Tribonacci numbers. Binet’s formula of
generalized Tribonacci numbers can be given as

_ p1a” p2f” p3y"
P Y SRR (S T ) e vy .7
where
p1 = Va—(B4+7)Vi+ BV, (1.8)
p2 = Va—(a+y)Vi+aW, (1.9)
D3 Vo — (a+ B)V1 + afVh. (1.10)

Here, a, 8 and « are the roots of the cubic equation

22> —x—-1=0.
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Moreover,
o 1+\3/19+3\/3§+€/19—3\/ﬁ’
5 = 1—|—u.1319—&-Z’)\/?)Tis—|—o.12m7
1+ w?¥19 +3v33 +wv/19 — 333
v = 3 ;
where

= _1%% = exp(27i/3).

Now, we define four new special cases of the sequence {V,} besides the well known Tribonacci
sequence {1y }n>0 and Tribonacci-Lucas sequence { Ky }n>0.

Tribonacci sequence {Tn}n>0, Tribonacci-Lucas sequence {Kp}n>0, Tribonacci-Perrin sequence
{My}n>0, modified Tribonacci sequence {U, }n>0, modified Tribonacci-Lucas sequence {Gn}n>0
and adjusted Tribonacci-Lucas sequence {Hy},>0 are defined, respectively, by the third-order
recurrence relations

Thyzs = Tnio+Thir+ T, To=0,Ty =1,1T> =1, (1.11)
Knizs = Knpt2+ Kng1 + Ky, Ko=3,K1=1Ksy=3, (1.12)
Mys = Mpso+ Mois + Mn, Mo =3, M, =0, My = 2, (1.13)
Unis = Unta+ Unp1+ Un, Us=1,U1=1,Us = L. (1.14)
Guis = Gnio+ Gupr + G, Go=4,G1 =4,Gs = 10, (1.15)
Hpis = Hppo+ Ho1 + Hy, Ho =4, H, =2, Hs = 0, (1.16)

The sequences {T}n>0, {Kn}n>0, {Mn}tn>0, {Un}n>0, {Gn}n>0, and {Hy,}n>0 can be extended
to negative subscripts by defining

T = T (not)y—T (oo +T(ns), (1.17)
Ko = —K_ (n1)—K_(no+K_(ns, (1.18)
M_p, = —M_(n_1)— M_(n_2)+ M_(n_3), (1.19)
U = —U_(a-1) = U-(n-2) + U—(n-3), (1.20)
Gon = =G -1 =G-(n-2) + G-(n-3); (1.21)
H., = —-H_ (_1)—H_(n_o+H_(_3), (1.22)

for n = 1,2,3, ... respectively. Therefore, recurrences (1.11)-(1.16) hold for all integer n. For more
details on the generalized Tribonacci numbers, see Soykan [15].

T, is the sequence A000073 in [16], K, is the sequence A001644 in [16] and U, is the sequence
A000213 in [16].

For all integers n, Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin, modified Tribonacci, modified
Tribonacci-Lucas and adjusted Tribonacci-Lucas numbers (using initial conditions in (1.8)-(1.10))
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can be expressed using Binet’s formulas as

. Q. 5n+1 ,yn+1
R oy B By ey R cvppey T vy
K, = a"+8"+9",
v - a3t (2843)"0 (29 430"
" (a=B)a=7)  B-a)B-7) (G-a)(r—-8)
g, — @+Da™ (B4 Py
(a=B)a=y) B-a)B-7v) ((-a)y—=0)
Gn = (a+1)a" +(B+1)8" + (v + 17",
Hy, = (a—1)%"+(B-1)°8"+(y—1)*y",

respectively, see, Soykan [15] for more details.

2 Binomial Transform of the Generalized Tribonacci
Sequence V,

In [17, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of numbers
(an), its binomial transform (a,) may be defined by the rule

n n
N n s . n i
an = Z (i)ai’ with inversion a,, = Z (2) (=)™ "ay,

1=0
or, in the symmetric version
an = Z (z) (=1)"'a;, with inversion a, = Z (z) (—1)"a,.
=0 =0

For more information on binomial transform, see, for example, [18,19,20,21] and references therein.

In this section, we define the binomial transform of the generalized Tribonacci sequence V,, and
as special cases the binomial transform of the Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin,
modified Tribonacci, modified Tribonacci-Lucas and adjusted Tribonacci-Lucas sequences will be
introduced.

Definition 2.1. The binomial transform of the generalized Tribonacci sequence V;, is defined by
~ n n
by = Vo = ZO <Z>v
i=

The few terms of b,, are

° (o
bo = Z(.)vz:vo,
=0 ¢
1
1
b = Z<i>vi=vo+v1,
=0
2
by = (f)w:%+2m+v2.
=0
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Translated to matrix language, b, has the nice (lower-triangular matrix) form

bo 10 0 0 O Vo
b1 11 0 0 O Vi
ba 1 2 1 0 0 Va
bs = 1 3 3 10 Vs
ba 1 4 6 4 1 Vi

As special cases of b, = \7n, the binomial transforms of the Tribonacci, Tribonacci-Lucas, Tribonacci-
Perrin, modified Tribonacci, modified Tribonacci-Lucas and adjusted Tribonacci-Lucas sequences
are defined as follows: The binomial transform of the Tribonacci sequence T, is

o~ n n
Tn - Ti7
1=0
the binomial transform of the Tribonacci-Lucas sequence K, is
~ n n
Kn - i
3 (1)
1=0
the binomial transform of the Tribonacci-Perrin sequence M,, is
— n n
Mn = . Mi»
> (1)
1=0
the binomial transform of the modified Tribonacci sequence U, is
" (n
U, = Z <Z> Ui,
1=0
the binomial transform of the modified Tribonacci-Lucas sequence G,, is
o~ n n
Gn = i
> (1)
=0
the binomial transform of the adjusted Tribonacci-Lucas sequence H,, is
~ n n
H, = .| H;.

Lemma 2.1. Forn > 0, the binomial transform of the generalized Tribonacci sequence V,, satisfies

the following relation:
" (n
bns1 = (Z> (Vi + Vi)

=0

Proof. We use the following well-known identity:

(1)-6)+ )
(3)=) e o) =

Note also that
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Then
n+1

n+1 n n+1 n
: wz()wz(i-l)w
S (e (e

=0 1=0
= Y (?) (Vi + Vie1)
=0

This completes the proof. [J

Remark 2.1. From the last Lemma, we see that

brt1 = bn +Z< ) e

The following theorem gives recurrent relations of the binomial transform of the generalized Tribonacci
sequence.

Theorem 2.2. Forn > 0, the binomial transform of the generalized Tribonacci sequence V,, satisfies
the following recurrence relation:

bn+3 = 4bn+2 — 4bn+1 + 2b,. (2.1)
Proof. To show (2.1), writing
n+3 Aan+2+Ban+1+C><b

and taking the values n = 0,1, 2 and then solving the system of equations

b3 = AXb2+BXb1+CXb0
by = AXbs+Bxbya+C xb
bs = AXbs+ Bxbs+C xbs

we find that A=4,B=—-4,C=2.0

The sequence {b, }n>0 can be extended to negative subscripts by defining
b_n =2b_pnt1 — 2b_py2 + %b_n+3

for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.

Note that the recurence relation (2.1) is independent from initial values. So,

Toys = ATnso —4T0e1 + 210,
Kpys = AKnio — 46K, + 2K,
Mpis = AMyio— AMyiq + 2M,,
Unis = AUpyo —4AUpi1 + 20,,
Gnis = A4Gnio —4Gni1 +2G,,
Hpys = 4Hnio—A4H,41 +2H,.
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The first few terms of the binomial transform of the generalized Tribonacci sequence with positive
subscript and negative subscript are given in the following Table 1.

Table 1. A few binomial transform (terms) of the generalized Tribonacci sequence

bn bon

Vo
Vo+Wi Vo—Vi+3Va
Vo +2V1 + Vs Va—3vi—1iw

2Vo +4V1 + 4V
6Vo 4+ 10V1 + 1213
18Vo + 28V + 34V,
52Vh 4+ 80V1 4 96V>

V2—V1—%V0
%V1—£V0+%V2
Vi —32W - Ve
%V0+3V1—2V2

148Vo + 228V1 + 272V;
420V + 648V1 + 772V>
1192Vh + 1840V1 4 2192V;
3384Vp + 5224V + 6224V;
11 9608V, + 14832V1 4 17672V,
12 27280Vp + 42112V1 4 50176V>
13 77456Vh + 119568V + 1424645

BV +1vi— LW,
Zvo - Lvi -t
N AL
e A 1L
2 27V16 1103V16 0
@VQ_lﬂle_olﬁV
16 *1— 3270 32 V2

S0 oo ok w = oS

The first few terms of the binomial transform numbers of the Tribonacci , Tribonacci-Lucas,
Tribonacci-Perrin, modified Tribonacci, modified Tribonacci-Lucas, adjusted Tribonacci-Lucas sequences
with positive subscript and negative subscript are given in the following Table 2.

Table 2. A few binomial transform (terms)

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
T, 0 1 3 3 22 62 176 500 1420 4032 11448 32504 92288 262032
7 1 1 3 5 1 _1 _13 _5 _29 9 7 159
—n 2 2 4 4 8 8 2 16 16 2 32
R, 3 4 8 22 64 184 524 1488 4224 11992 34048 96672 274480 779328
78 5 3 11 43 5 47 253 75
K_n 2 U -3 g o 8 s -3 -7 — 6 —5
M, 3 3 5 14 42 122 348 988 2804 7960 22600 64168 182192 517296
5 1 _5 _19  _ir  _1 45 77 63 _u _197 _ 309 _ 459
-n 2 2 4 4 4 8 8 8 16 16 16 32
w1 2 4 10 28 80 228 648 1840 5224 14832 42112 119568 339488
U 0 1 _3 1 1 9 3 z 11 _ 19 47 _ 47 z
—n 2 2 4 4 8 4 8 16 2
Gn 4 8 22 64 184 524 1488 4224 11992 34048 96672 274480 779328 2212736
= 5 3 11 43 5 47 253
G_n 3 2 0 -3 —4 -3 1 5 8 & -3 -7 ~ 6
H, 4 6 8 16 44 128 368 1048 2076 8448 23984 68096 193344 548960
H_y 0 -5 -8 -6 3 11 16 43 -5 -4z —233 - 14

(1.3) can be used to obtain Binet’s formula of the binomial transform of generalized Tribonacci

numbers. Binet’s formula of the binomial transform of generalized Tribonacci numbers can be
given as
c107 c20% c30%
bn = + + 2.2
(91 — 92)(91 — 93) (92 — 01)(92 — 93) (93 — 91)(93 — 92) ( )

where

c1 = by — (024 03)b1 + 62030 = (Vo + 2V1 + Vo) — (02 + 03) (Vo + Vi) + 0203V0,

ca = by — (014 03)b1 + 6103bo = (Vo + 2V1 + Vo) — (61 + 03) (Vo + Vi) + 0103V,

cs = by — (014 62)by + 010200 = (Vo +2V1 + Vo) — (01 + 02) (Vo + V1) + 6162V%.
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Here, 01, 6> and 03 are the roots of the cubic equation z* — 422 + 4z — 2 = 0. Moreover,

1/3 1/3
0 — é+ L9+ E + E, E
T3 27 27 27 27 ’
1/3 1/3
4o (B /U0 r2(2_ /U
3 27 27 27 27 '

1/3 1/3
0, — é+w2 E+ E +UJ E, E
7 3 27 "V 27 27 27 ’

02

where ‘
w= —1%7,\/3 = exp(27i/3).
Note that
01+02+05 = 4,
0102 + 0103 + 0205 = 4,
016205 = 2.

For all integers n, (Binet’s formulas of) binomial transforms of Tribonacci , Tribonacci-Lucas,
Tribonacci-Perrin, modified Tribonacci, modified Tribonacci-Lucas, adjusted Tribonacci-Lucas numbers
(using initial conditions in (2.2)) can be expressed using Binet’s formulas as

(=14 6,)67 (=14 62)6% (=1+063)03

T, ,
(01— 02)(61 — 0s) ~ (02— 61)(02 — O3) = (03— 61)(0s — 02)
K, = 07405 +06y,
7 - (307 — 76, +6)07 1 N (303 — 705 + 6)05 1 N (303 — 705 +6)05 "
" (01 — 02)(01 — 03) (02 — 01)(02 — 03) (03 — 01)(03 — 02) ’
5. = 2(6, — 1?07 " 2(6 —1)% 057" 2(6; —1)% 057"
(01— 02)(61 — 03) (02— 01)(02 —03) (03— 01)(05 — 02)’
5 - 2(40% — 501 +4)07™1  2(403 — 50, +4)07"  2(403 — 505 +4)65 !
" (61 — 62)(61 — 03) (02 — 01)(02 — 03) (03 — 61)(03 — 02)
o 2(301 —2)(01 —2)0771 2(302 — 2)(62 — 2)0571  2(365 — 2)(6s — 2)03
(01 — 02)(61 — 05) (02 — 61)(62 — 05) (03— 01)(05 — 62)
respectively.

3 Generating Functions and Obtaining Binet Formula
of Binomial Transform from Generating Function

The generating function of the binomial transform of the generalized Tribonacci sequence V,, is a
power series centered at the origin whose coefficients are the binomial transform of the generalized
Tribonacci sequence.

(e o)
Next, we give the ordinary generating function fs, (z) = > brz™ of the sequence by.
n=0

o0
Lemma 3.1. Suppose that fu, (z) = D bax™ is the ordinary generating function of the binomial
n=0

transform of the generalized Tribonacci;equence {Vatn>o. Then, fu,(x) is given by

_ Vot (Vi = 3Wo)z + (Vo — 2V1 + Va)a?

Jon (@) 1— 4z + 422 — 22 (3.1)
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Proof. Using Lemma 1.1, we obtain

o (@) = bo + (b1 — 4bo)x + (ba — 4by + 4bo) x>
bn - 1 — 4z + 422 — 223
Vo4 (Vi —3Vo)z + (Vo — 2V4 + Va)a?
1—4x + 422 — 223

where
bo = W,
b = Vo4V,
bo = VWw+2Vi+Ve. O

Note that P. Barry shows in [22] that if A(z) is the generating function of the sequence {a,}, then

1 T )

A(

1—=x

o

is the generating function of the sequence {b,} with b, = (7;) a;. In our case, since

=0

_ Vot (Vi —Vo)z + (Vo — Vi — Vo)a?

1—x—22—23

A(z) , see [15],

we obtain
2
L Yo+ (V= Vo) + (Ve = Vi = V) (%)
1 —x x T 2 x 3
1_ -z (l—z) - (E)

Vo + (Vi —3Vo)z + (Vo — 2V4 + Wo)a?
1 — 4z + 422 — 223 ’

The previous lemma gives the following results as particular examples.

Corollary 3.2. Generating functions of the binomial transform of the Tribonacci, Tribonacci-Lucas,
Tribonacci-Perrin, modified Tribonacci, modified Tribonacci-Lucas and adjusted Tribonacci-Lucas
numbers are

o " T 1 —dx + 422 — 223

25 . 3 — 8z + 422
Kn = ,

> Knz 1— 4z + 422 — 223

3
Il
=}

3 — 9z + 522
1 — 4z + 422 — 223’

NgE
=)
I

3
I
o

1—-2x
1 — 4z + 422 — 223’

NgE
:>
8

3
I

3
Il
o

4 — 8z + 622
1 — 4z + 422 — 223’

[~
)
3
8

3
[l

3
I
o

4 —10x
1 — 4z + 422 — 223’

NgE
:)
8

3
I

3
Il
o

respectively.
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We next find Binet’s formula of the Binomial transform of the generalized Tribonacci numbers {V,, }
by the use of generating function for b,,.

Theorem 3.3. (Binet’s formula of the Binomial transform of the generalized Tribonacci numbers)

d. 07 d203 ds6%3

by = + + 3.2
0= 02) (00— 02) T (02— 0)(02— 02) T (6~ 61)(0s — ) (32)
where
di = Vobi + (Vi —3V0)0r + (Vo — 2V4 + V),
dy = Vo3 + (Vi —3Vo)ha + (Vo — 2V + Vo),
ds = Vob3 + (Vi —3Vo)0s + (Va — 2Vi + Vo).
Proof. By using Lemma 3.1, the proof follows from Theorem 1.2. O
Note that from (2.2) and (3.2), we have
ba — (02 + 03)b1 + 0203b0 = Vob7 + (Vi — 3V0)01 + (Vo — 2V1 + Vi),
by — (01 + 03)b1 + 0103b0 = Vo3 + (Vi — 3Vo)0a + (Vo — 2Vi + Vp),
by — (01 + 02)b1 + 01020 = Vo3 + (Vi — 3Vo)0s + (Vo — 2Vi + Vp),
or
(Vo +2Vi + V2) — (62 + 03) (Vo + V1) + 0205Vo = Vobi + (Vi — 3V0)01 + (Va — 2V1 + V),
(Vo +2Vi +Va) — (01 + 03) (Vo + V1) + 6105Vo = Vo3 + (Vi — 3Vo)02 + (Va — 2V1 + Vo),
(Vo +2Vi+ Vo) — (01 + 02)(Vo + Vi) + 010V = Vob2 + (Vi = 3Vo)03 + (Vo — 2V1 + V).

Next, using Theorem 3.3, we present the Binet’s formulas of binomial transform of Tribonacci,
Tribonacci-Lucas, Tribonacci-Perrin, modified Tribonacci, modified Tribonacci-Lucas and adjusted
Tribonacci-Lucas sequences.

Corollary 3.4. Binet’s formulas of binomial transform of Tribonacci, Tribonacci-Lucas, Tribonacci-
Perrin, modified Tribonacci, modified Tribonacci-Lucas and adjusted Tribonacci-Lucas sequences are

T o Ea 1 S o R S o B Y
" (01— 02)(01 — 03) (02— 01)(02 —03) (03— 01)(03 — 62)’
Ko = 07405 +03,
WL = (307 — 76, +6)07 1 N (303 — 705 + 6)05 1 N (303 — 705 +6)05 !
(01— 62)(01 — 0s) (02 — 61)(02 — 0s) (05 — 01)(0s — 02) ’
5. = 2(6, —1)*07 " 2(0 —1)% 057" 2(0; —1)% 657"
(01 —02)(01 — 03) (02— 01)(02 —03) ~ (03— 01)(05 — 02)’
a. - 2(467 — 501 +4)07 "1 2(463 — 50> +4)05 1 2(403 — 505 + 4)05 !
(61 — 02)(61 — 0s) (02 — 61)(62 — 0s) (03 — 01)(03 — 02)
i - 2(301 —2)(61 — 2)07! N 2(302 — 2)(02 —2)0571  2(305 — 2)(6s — 2)03
" (61 — 02)(01 — 05) (02 — 01)(02 — 05) (03— 01)(0s — 02) ~
respectively.
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4 Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F),}, namely,
Fop1Fpy — Fi = (-1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as
well. This can be written in the form

‘ Fn+1 Fn

Fn anl - (71) '

The following theorem gives generalization of this result to the generalized Tribonacci sequence
{Wn}.

Theorem 4.1 (Simson Formula of Generalized Tribonacci Numbers). For all integers n, we have

Wn+2 Wn+1 Wn W2 W1 Wg
Wn+1 Wn anl = tn Wl WO Wfl . (41)
Wn  Wpot Wihoo Wo W_1i W_,

Proof. (4.1) is given in Soykan [23, Theorem 3.1]. O

Taking {W,, } = {b.} in the above theorem and considering bn4+3 = 4bpt2 — 4bpt1 + 2bp, r = 4,8 =
—4,t = 2, we have the following proposition.

Proposition 4.1. For all integers n, Simson formula of binomial transforms of generalized Tribonacci

numbers is given as

btz bny1  bn by b bo
bn+l bn bn,1 = 2” b1 bo b,1
bn bn—l bn—? bO b—l b—2

The previous proposition gives the following results as particular examples.

Corollary 4.2. For all integers n, Simson formula of binomial transforms of the Tribonacci,
Tribonacci-Lucas, Tribonacci-Perrin, modified Tribonacci, modified Tribonacci-Lucas and adjusted
Tribonacci-Lucas numbers are given as

oo Tyer T .
Tp41 T Tn—1 = -2 )
Tn n—1 Tn_2
Kny2 Kpy1 Kn
Kyt Kn Kp—1 = —11x2",
Knp Kp_1 Knp-2
Mpy2 Mpg1 My R
My 41 M, M, _1 = —41x2""
Mnp Mp_1  Mp_2
Uni2 n+1  Un n
Upt1 Un Un—1 = -2,
Up Up—1 Up_2
Gnt2 Gpy1 Gn 1
Gnt1 Gn Gn-1 = —l1x2"T
Gn Gn-1 Gn-2
Hpq2 nt+1  _Hn 42
Hyyq Hy, Hp_1 = —11x2"7T=,
Hn Hp_1 Hp_2

respectively.
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5 Some Identities

In this section, we obtain some identities of Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin, modified
Tribonacci, modified Tribonacci-Lucas, adjusted Tribonacci-Lucas numbers. First, we can give a
few basic relations between {75} and {K,}.

Lemma 5.1. The following equalities are true:

44T, = —5Kpia+24K, 13 — 26K, 4o, (5.1)
22T, = 2Kni3—3Knio —5Kn41,
22T, = 5Knio— 13K, +4K,,
22T, = TKn41— 16K, + 10K, 1,
1T, = 6Kn—9Kn 1+ TKn_o,
and

Ko = —3Twia+9Tni3—Toyo,

Kn = —3Tnis+ 11Tnyo — 6T,

Ky = —Tuio+6Tni1 — 6T,

Kn = 2Twi1—2T, —2Th-1,

K, = 6T, —10Th_1 + 4T, _o.

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1) by writing
T\n =a X I?n+4+b>< IA(n+3+c>< I?n+2

and solving the system of equations

j—\‘o = ax[?4+b><l?3+c><f(2
,1/—\‘1 = axl?5+b><l?4+c><l?3
A2 = ax[?6+bxl?5+c><l?4
_ _5 p_ 6 . _ _13 i B,
we find that a = — 7 ,b = 77,¢ = —355. The other equalities can be proved similarly. O]

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {T},} and {]\//Yn}

Lemma 5.2. The following equalities are true:

82T, = —10Mpya+45Mypis — 42M, 4o,
82T, = 5]/\4\n+3 — 21/\/[\n+2 — 20]/\4\71-0—17
AT, = 9Mnys — 20Mpi1 + 5M,,
AT, = 16Mns1 — 31M, + 18M,_1,
AT, = 33M, — 46M,_1 + 32M,_2,
and
oM, = —8This+25Thss — 6Thio,
oM, = —TTwis+26Tnio — 16Th 1,
M, = —Tpiz+6Tns1 — 7T,
M, = 2Tni1—3T, —2T0 1,
M, = 5T, —10Th 1+ 4T, o.
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Now, we give a few basic relations between {T},} and {U,}.

Lemma 5.3. The following equalities are true:

4Tn = ﬁn+4 - 26n+3 - 26n+27
2fn = ﬁn+3 - 36n+2 + fj’n«kl,
an = ﬁn+2 - 3ﬁn+1 + 2677,7
2T\n = ﬁn+1 - Qﬁn + 2[711717
T\n = ﬁn - ﬁnfl + 6774727
and
[/jn = - /\n+3 + 3fn+27
U, = —Thio+4Th —2T,,
Up = 2T, —2Th 1.

Next, we present a few basic relations between {7, } and {G,,}.

Lemma 5.4. The following equalities are true:

44T, = —13Gngs +47Grss — 28G o,
44T, = —5Gnys+24Gnio — 26Gn41,
22T, = 2Gni2—3Gni1 — 5Gn,
22T, = 5Gui1 —13G, 4+ 4G, 1,
22T, = TG —16Gn_1 + 10G,_o,
and

Gn —3Tga + 11T 45 — 6Thsa,

Gn = —Tais+6This —6Thi1,

Gn = 2Tpys—2T0s1 — 2T,

Gn = 6Tns1 — 10T, +4T,_1,

Gn = T, —20Th_1 + 12T, _.

Now, we give a few basic relations between {T},} and {H,}.

Lemma 5.5. The following equalities are true:

44T, = 2Hn4a—3Hnys —5Hnyo,
44T, = 5Hpys —13H,io +4H, 11,
44T, = THpso —16Hn41 + 10H,,
22T, = 6Hpp1—9H, + THn 1,
22T, = 15H, — 17H, 1 + 12H, s,
and

Hy, = —Tpia—2Tnis+ 14T0s0,
H, = —6Tnys+18Thio—2Thy1,
H, = —6Tnio+22T041 — 12T,
H, = —2Tn41+12T, — 12T, 1,

— AT, — 4T 1 — 4T, _o.

3
|
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Next, we present a few basic relations between {IA(TL} and {M\n}

Lemma 5.6. The following equalities are true:

NEK, = 36Myssa—121Mpis+ 61Mp o,
4K, = 23Mnuis —83Mpio + 72Mpi1,
A1K, = 9Mpyo —20Mypi1 + 46M,,
41K, = 16Mq1 + 10M, + 18M, _1,
MK, = TAM, —46M, 1 + 32M,_o,
and
A44M,, = 49K, 44— 178K, 5+ 114K, o,
2M, = 9K, ys — 41K, po + 49K, 41,
22M, = —5Kni2+ 13Kns1 + 18K,
22M, = -—TK.41+ 38K, — 10K, 1,
1M, = B5Kn+9K, 1—TK, ».

Now, we give a few basic relations between {U,,} and {K,}.

Lemma 5.7. The following equalities are true:

2K, = 2Unia — 90043 + 100,42,
20K, = —Unss+20ns2 +4Uns1,
Rn = —An+2 + 4Un+1 — fjn7
K., = 3U,—20._1,
and
22U, = 8Knis—23Knis+2Knis,
22U, = 9Kni3—30Kni2+ 16Kni1,
110, = 3Kpiz2—10K,41+9Kn,
11U, = 2Kni1—3Kn+ 6K, 1,
11U, = 5K, —2Kn_ 1+ 4K, _o.

Next, we present a few basic relations between {K,} and {G,}.

Lemma 5.8. The following equalities are true:

21?11 = zén+4 - 66n+3 + én+27

2}-?71, == 2én+3 - 7én+2 + 4én+1,

2[?71, = én+2 - 4én+l + 461@7
[?n = an—h

and

2@71 = [?n+4 - 4[?71-4-3 + 4]?n+27
G'n = Kn+17
Gn = 4K, -4K, 1+ 2Kn727
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Now, we give a few basic relations between {K,} and {H,}.

Lemma 5.9. The following equalities are true:

4K,
2K,
Kn

and

3

3

o ﬁm )

f_\ln+4 - 4ﬁn+3 + 4ﬁn+2,

Hn+17
2Hn - 2Hn—1 + Hn—27

2]?n+4 - 6[?n+3 + f(m—z,
2-Rnis — TRKnso + 4K 41,
Kpio — AR i1 + 4K,
2Ky,

Next, we present a few basic relations between {]\//jn} and {U,}.

Lemma 5.10. The following equalities are true:

4M,
oM,
oM,
2M,
M,
and
410,
410,
410,
410,
410,

3Unss — 16Un13 + 220,42,
—2ﬁn+3 + 5ﬁn+2 + 3ﬁn+1,
—3Uns2 + 11041 — 40,
—An+1 + Sﬁn — Gﬁn,h
20U, — Un—1 — Un_s,

11 Mypis — 29Mp i3 — 3Mpso,
15My 43 — 4T Mo + 22M i1,
13Mp 42 — 38 Myt + 30M,,
14My 4y — 22M,, + 26M,,_1,
34M,, — 30M,,_1 + 28M,,_».

Now, we give a few basic relations between {M\n} and {G,}.

Lemma 5.11. The following equalities are true:

44M,
44M,
22M,
220M,,
22MM,,

and

57Gris — 179G 15 + 50G 12,
49G45 — 178Gnss + 114G, 41,
9Gni2 — 41Gny1 + 419G,
—5Gni1 413Gy + 18G,_1,
—7Gr +38Gn_1 — 10G,, 2,

23M 44 — 83Myss + T2M 42,
9Myts — 20Myp2 + 46 M4,
16My 42 + 10M, 41 + 18M,,
TAM,, 41 — A6M,, + 32M,,_1,
250M,, — 264M,,_1 + 148 M, _o.
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Next, we present a few basic relations between {]\/4\71} and {ﬁn}

Lemma 5.12. The following equalities are true:

44MM,,
44M,,
44MM,,
220M,,
22M,,
and
41H,
41H,
41H,
418,
418,

9H, 4 — A1Hp 5+ 49H,, 12,
—5Hp3+ 13Hnio + 18H 41,
—THpyo+38H, 41 — 10H,,
5Hpi1+9H, — TH,_1,

29H,, — 27H,—1 + 10H,,_o,

61Mypa — 172My3 + 2M0 4o,
T2Mp s — 242My i + 122M, 11,
46M,, 1o — 166M,, 11 + 1441,
18M 41 — 40M,, + 92M, 1,
32M, + 20M,_1 + 36 M _s.

Next, we present a few basic relations between {U,} and {G,}.

Lemma 5.13. The following equalities are true:

= én+4 + 4én+3 - 19@n+27

220,
220,
220,
110,
110,

and

2

QO QY

n

n

n

n

= 8Gnis — 23Gnio +2Gni1,
= 9Gni2 — 30Gni1 + 16G,
= 3Gni1 —10G, +9G, 1,
= 2Gn —3Gn_1+ 6én72,

= —Upia+20n4s +4Un 0,
= —Unis+4Un1o — Unya,

= 3Un1 — 20,

= 10U, — 12Up—1 4 6Un—o.

Now, we give a few basic relations between {U,} and {H,}.

Lemma 5.14. The following equalities are true:

440,
220,
220,
220,
110,

and

3 3 3 3

y I T I T

3

9Hp s — 30H, 15+ 16H,, 12,
3Huis — 10Hu 4o + 9Hni1,
2H, 1o — 3H, 1 + 6H,,
5Hpi1 —2H, + 4H,_1,
9H, — 8Hn—1 + 5H, 2,

5Un+a — 18Un3 + 11Un+2,
2Wnts — Wiz + 10Un41,
_ﬁn+2 + 2ﬁn+l + 4ﬁn,
—2Upn 11 4 80Uy — 20U, 1,
60,1 — 40U, _».
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Next, we present a few basic relations between {G,,} and {H,}.

Lemma 5.15. The following equalities are true:

Zan = ﬁn+27
én - 2ﬁn+l - 21/:[11 + ﬁn—l,
@n = Gﬁn - 7ﬁn—l + 4ﬁn—2,

and

Qﬁn - @n+4 - 8an+27

H, = 2@n+3 — 6@n+2 + @n+1,
ﬁn - 2@n+2 - 76n+1 + 4@n>
ﬁn = G\TH»I - 4@71, + 4677,71,

2G_o.

3
I

6 Sum Formulas

6.1 Sums of terms with positive subscripts

The following proposition presents some formulas of binomial transform of generalized Tribonacci
numbers with positive subscripts.

Proposition 6.1. Ifr =4,s = —4,t = 2 then for n > 0, we have the following formulas:
(a) Yop_obk =bnis — 3bnyo + bnr1 — ba + 3b1 — bo.

(b) >o7_obak = 75 (Bbanta — 14bang1 + 12ban — 5by + 14b1 — bo).

(¢) Yr_ob2kt1 = 15 (6banga — 8bany1 + 10ba, — 6b2 + 19by — 10bo).

Proof. Take r = 4,s = —4,t = 2 in Theorem 2.1 in [24] (or take x = 1,7 = 4,s = —4,t = 2 in
Theorem 2.1 in [25]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of Tribonacci numbers (take b, = To with Th = 0,7y = 1,75 = 3).

Corollary 6.1. Forn > 0, we have the following formulas:
(@) >0 T = T\n+3 - 3fn+2 + fn.,_l.

(b) >i—o Tox = T11(5f2n+2 — 14T o1 + 1272y — 1).

(©) >0 T2k+1 = ﬁ(6f2n+2 - 87A"zn+1 + 10T2n + 1).

Taking b, = K, with I?o = 3, K, = 4,]?2 = 8 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of Tribonacci-Lucas numbers.

Corollary 6.2. For n > 0, we have the following formulas:

(a) ZZ:O I?k = [?n+3 - 3I?n+2 + [?'rﬂ»l + 1.
(b) S o Kok = & (5K2nt2 — 14K211 + 12K2, + 13).
(c) Xiso f?2k+1 = ﬁ(6K2n+2 - 8K2n+1 + 10K2, — 2).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of Tribonacci-Perrin numbers (take b, = M with Mo =3, M1 =3, M2 =5).
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Corollary 6.3. For n > 0, we have the following formulas:
(a) S0y My = Myys — 3Mpjo + Mpi1 + 1.

(b) > ko Moy = ﬁ(g’ﬂznw — 14Map i1 + 12Ms,, + 14).
(€) S0y Moks1 = £ (6Manis — 8Mop i1 + 10Ma, — 3).

Taking b,, = U, with Uy = 1, U, = 2, U = 4 in the last proposition, we have the following corollary
which presents sum formulas of binomial transform of modified Tribonacci numbers.

Corollary 6.4. For n > 0, we have the following formulas:
(@) 8o Uk = Unts — 3Unt2 4 Uni1 + 1.

(0) X1y Uz = 5 (5Uzns2 — 14Uz 11 + 1205, + 7).

(©) >z ﬁ2k+1 = T11(6[72n+2 — Sﬁzn.;.l + 10U, + 4).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of modified Tribonacci-Lucas numbers (take b, = G with Go =4, G1 =38, G2 = 22).

Corollary 6.5. For n > 0, binomial transform of modified Tribonacci-Lucas numbers have the
following properties:

(a) >r, Gr = Gnts — 3Gny2 + Gni1 — 2.
(b) 31 o Gaor = 15 (5G2n12 — 14G2n41 + 12G2, — 2).
(c) Z::o é%-»—1 = Tll(fiézn.m - 8C:'zn+1 + 10@2n —20).

Taking b,, = An with f[o =4, H, = 6, H, = 8 in the last proposition, we have the following corollary
which presents sum formulas of binomial transform of adjusted Tribonacci-Lucas numbers.

Corollary 6.6. For n > 0, binomial transform of adjusted Tribonacci-Lucas numbers have the
following properties:

(a) ZZ:() ﬁk = ﬁn+3 - 31/_\In+2 + ﬁn+1 + 6.
(b) s Hyy, = ﬁ(5ﬁ2n+2 - 14ﬁ2n+1 +12Ha, + 40).
() >0 ﬁ2k+1 = T11(6ﬁ2n+2 - 8ﬁ2n+1 + 10Ha, + 26).

6.2 Sums of terms with negative subscripts

The following proposition presents some formulas of binomial transform of generalized Tribonacci
numbers with negative subscripts.

Proposition 6.2. Ifr =4,s = —4,t = 2 then for n > 1 we have the following formulas:

() > h_ bk =—2b_pn_14+2b_pn_2—2b_n_3+ by —3b1 + bo.

(b) > h_ibok = 35 (=6b_2nt1 + 19b_2n — 10b_20—1 + Bba — 14by + bo).

() Sp_ib-oks1 = 55(=Bb_2ni1 + 14b_opn — 12b 2,1 + 6b2 — 19b1 + 10bo).

Proof. Take r = 4,s = —4,t = 2 in Theorem 3.1 in [24] or (or take z = 1,7 = 4,s = —4,t = 2 in
Theorem 3.1 in [25]).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of Tribonacci numbers (take b, = T with TO =0, T1 =1, Tg =3).
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Corollary 6.7. Forn > 1, binomial transform of Tribonacci numbers have the following properties.
(@) Yr_  Top=—2T 1 +2T oo — 2T 3.

(b) > 1T_2k =L (- 67 2ni1 + 197 9, — 107 2,1 + 1).

(c) >r., T,Qkﬂ =&(- 5T on+1 + 14T op — 12T 9y — 1).

Taking b, = K, with Ko = 3, K = 4,K2 = 8 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of Tribonacci-Lucas numbers.

Corollary 6.8. For n > 1, binomial transform of Tribonacci-Lucas numbers have the following
properties.

(@) Yr  K_p=-2K 1 +2K 22K 51
(b) Zk 1K o2k = ﬁ( GK 2n41 +19K on — 10K 2n—1 — 13)
(c) >r., K72k+1 = 71(_5K727L+1 + 14K 5, — 12K 5, 1 + 2).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of Tribonacci-Perrin numbers (take b, = M with M() =3, M1 =3, M2 =5).

Corollary 6.9. For n > 1, binomial transform of Tribonacci-Perrin numbers have the following
properties.

(a) Z: 1]/\4\_}?:72]/\4\7” 1+2]/\4-\7n 272M\7n 3 — 1.
(b) S0, M oo = L (=60 41 + 19M 5, — 10M 5, 1 — 14).
() >ro; M72k+1 = T( 5M—2n+1 + 14M—2n - 12M—2'n 1+ 3).

Taking b, = U, with Uo =1, U, = 2, U = 4 in the last proposition, we have the following corollary
which presents sum formulas of binomial transform of modified Tribonacci numbers.

Corollary 6.10. For n > 1, binomial transform of modified Tribonacci numbers have the following
properties.

(a) ZZ lﬁ_k:72ﬁf 1+2(77 27267 _3— 1.
() >oi_ 1U 2k—ﬁ( 60_ 2n+1+19U an — 100 _gp_ 1= T7).
(C) Zk:l U—2k+1 = ﬁ(—5U—2n+1 + 14U_2n — 12U_2n—1 —4).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of modified Tribonacci-Lucas numbers (take b, = G, with Go = 4,G1 = 8, G2 = 22).

Corollary 6.11. For n > 1, binomial transform of modified Tribonacci-Lucas numbers have the
following properties:

(@) Yr_ G =-2G_n1+2G_p_o—2G_n_3+2.
(b) > 1G 2k—ﬁ( 6G_ 2n+1+19G om — 10G_gp_ 1+ 2).
(c) >or_ 1G 2k+1—ﬁ( 5G_ 2n+1+14G om — 12G _gpn_ 1+ 20).

Taking b,, = H, with HO =4, H = 6, H, = 8 1in the last proposition, we have the following corollary
which presents sum formulas of binomial transform of adjusted Tribonacci-Lucas numbers.

Corollary 6.12. For n > 1, binomial transform of adjusted Tribonacci-Lucas numbers have the
following properties:

(@) Yp_ Hp=-2H 1 +2H 5—2H_,_3—6.
(b) Zk 1L[ o2k = ﬁ( 6H 2n+1 +19H on — 10H on—1 —40)
(¢) Sr_ Hosksr = 5 (—5H 241 + 14H o, — 12H 2,1 — 26).
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6.3 Sums of squares of terms with positive subscripts
The following proposition presents some formulas of binomial transform of generalized Tribonacci

numbers with positive subscripts.

Proposition 6.3. Ifr =4,s = —4,t = 2 then for n > 0 we have the following formulas:

(a) Sp_ Ob2 = ﬁ( Th2 15 — 87b2 o — 3902 1 + 48by3bni2 — 16b,i3bni1 + 80byiabyi1 + b3 +
87b7 + 39b3 — 48bab1 + 16b2bo — 80bybo).

(b) ZZ bk+1bk = ﬁ( 4bn+3 56bn+2 16b%+1 + 29bn+3bn+2 — 6bn+3bn+1 + 41bn+2bn+1 + 4b% =+
56b =+ 16b — 29b2b1 + 6baby — 41b1b0)

(C) ZZ:O bk+2bk (4bi+3 + 12b n+2 =+ 16b n4+1 — 18bn+3bn+2 =+ 17bn+3bn+1 — 30bn+2bn+1 4b% —
1262 — 16b% + 18baby — 17hsbo + 30b1bo).

Proof. Take x = 1,r =4,s = —4,t = 2 in Theorem 4.1 in [26], see also [27].

From the last proposition, we have the following Corollary which gives sum formulas of binomial
transform of Tribonacci numbers (take b, = T with TO =0, T1 =1, Tg =3).

Corollary 6.13. Forn > 0, binomial transform of Tribonacci numbers have the following properties:
(@) N1 TP = & (=TT2 5 — 8TT2, 5 — 39T2 1 + 48Ty 43T ns2 — 16T0s5Tns1 + 80T i 2Thr1 + 6).
() S0 Tor1Th = & (—4T2, 5 — 5672, 5 — 16721 +29T 03 Thvo — 6Tnsa o1 + 41T 2 Thir +5).
(©) Yioo TuveTh = f (4T 04 + 121345 + 167741 — 18T 45T + 17T w45 Tss — 30T 42T 1 +6).

Taking b, = I?n with I/(\'o = 3,[?1 =4, I?Q = 8 in the last Proposition, we have the following
Corollary which presents sum formulas of binomial transform of Tribonacci-Lucas numbers.

Corollary 6.14. For n > 0, binomial transform of Tribonacci-Lucas numbers have the following
properties:

(a) ¢ o K? = & (~7K2,5—8TK2 5, —39K2,, +48K 13K 12— 16Kni3Kns1 +80Kn 2 Kni1 +

79).

(b) Sp_o Kir1Ki = {5 (—4K7 1 5=56 K 12 —16K72 1 4+29K 043 Knto—6Knsa K1 +41Kns2 Ka+
20).

(C) ZZZOI?]Q+2I?]€ %(4K2+3+12Kn+2—|—16Kn+1—18Kn+3Kn+2+17Kn+3Kn+1—30Kn+2Kn+1—
64).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of Tribonacci-Perrin numbers (take b, = M with Mo =3, M1 =3, M2 =5).

Corollary 6.15. For n > 0, binomial transform of Tribonacci-Perrin numbers have the following
properties:

(@) Y o Mp = & (—TM2 5—87TM2 5 —39M2 1 +48 My 13 M2 —16Mp 3 My 1480 My o My +

109).

(b) Y0 Myy1 My, = & (—4M2 5—56 M2 5 —16M2 ,  +29 M3 My 2 —6 M3 M1 +41 My o My +
34).

(€) S0 Myyo My, = & (AM2, 5 4+12M2 5+ 16 M2,y —18 M3 Myt 2+ 17 M3 M1 —30 My g0 My —
67).

Taking b,, = U, with Uy = 1, U, = 2, U = 4 in the last proposition, we have the following corollary
which presents sum formulas of binomial transform of modified Tribonacci numbers.
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Corollary 6.16. For n > 0, binomial transform of modified Tribonacci numbers have the following
properties:

(a) Sp_ o UZ = & (=702, 5 —870U2,5—39U2 1 +48Unt3Uns2 — 16Un13Un11 4+ 80Un42Un 41 +19).

(b) ZZ:O ﬁk+1ff\k = 1—11(—4ﬁﬁ+3 — 56[72.,_2 — 16[/jy2l+1 + 290n+3[7n+2 — Gﬁn+3ﬁn+1 +41ﬁn+2ﬁn+1 +
14).

(€) Sy UntoUs = £ (402, 5 +1202 5416021 —18Un+3Un+2+ 17054 3Un+1 —30Un+2Uns1 +8).

From the last proposition, we have the following corollary which gives sum fp\rmulasAof binomial
transform of modified Tribonacci-Lucas numbers (take b, = G,, with Go = 4, G1 = 8, G2 = 22).

Corollary 6.17. For n > 0, binomial transform of modified Tribonacci-Lucas numbers have the
following properties:

(a) S0, G2 = & (TG, 5—87G? 5, —39G2 11 +48Gn+3Gn12—16G43Gn1+80G 012G i1 —20).
(b) > ékﬂék = ﬁ(—4éi+3—56@i+2—16@i+1 +2gan+3én+2_6én+3@n+1+4lan+2@n+l_
112).

(C) ZZ:O ak+2@k = ﬁ (4@%_‘_3 + 12@i+2 + 16@%_;,_1 — 18@n+3@n+2 + 17@n+3én+1 — 306n+2§n+1 —
328).

Taking b,, = H, with }AIO =4, H = 6, H, = 8 in the last proposition, we have the following corollary
which presents sum formulas of binomial transform of adjusted Tribonacci-Lucas numbers.

Corollary 6.18. For n > 0, binomial transform of adjusted Tribonacci-Lucas numbers have the
following properties:

(a) >or o ﬁl? = ﬁ(—7ﬁ721+3 - 87?172#2 - 39ﬁ3+1 +48ﬁn+3ﬁn+2 — 16ﬁn+3ﬁn+1 + SOﬁn+2ﬁn+l +

492).

(b) ZZ:O ﬁk+1ﬁk = %(—41/‘}%_'_3—561{\],21_,_2—].6]?5_;,_1+29ﬁ[n+3ft\{n+2—Gﬁn+3ﬁn+1+41ﬁn+2ﬁn+1+
344).

(C) ZZ:O ﬁk+2ﬁk = ﬁ(4ﬁ2+3+12ﬁ3+2+16ﬁ3+1—18ﬁn+3ﬁn+2+17ﬁn+3ﬁn+1—3Oﬁn+2ﬁn+1—|—
96).

7 Matrices Related with Binomial Transform of Genera-
lized Tribonacci Numbers

Matrix formulation of W,, can be given as

n

W2 r s t Wa
Weir |=(1 0 0 Wy | (7.1)
W, 0 1 0 Wo

For matrix formulation (7.1), see [28]. In fact, Kalman gave the formula in the following form

n

W, 01 0 Wo
Wi+t =1 0 0 1 W1
Wit r s t Wa
We define the square matrix A of order 3 as:
4 -4 2
A= 1 0 O
0 1 0
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such that det A = 2. From (2.1) we have

bn+2 4 —4 2 bn+1
bosr | =] 1 0 0 by (7.2)
bn 0O 1 O brn—1
and from (7.1) (or using (7.2) and induction) we have
bpio 4 —4 2\" /[ b
bn+l == 1 O O bl
bn, 0 1 0 bo
If we take b, = fn in (7.2) we have
T\n+2 4 —4 2 An+1
Tow |=[1 0 o0 T, (7.3)
T, 0O 1 0 Ty

For n > 0, we define
ZZié Zk —2(22 50 jik - ZZQ& jik) 2 ZZ:? Jlk
By = 2 k=0 zk —2(2 ZZ;S zk - Z;g Zk) 2 ZZ;% Zk
SitoTe 23050 T -0 Te) 2050 T

and
bn+1 _4bn + 2bn—1 2bn

Cn = bn _4bn71 + 2bn72 2bn71
bnfl _4bn72 + 2bn73 2bn72

By convention, we assume that

T = 1.

e

—1 2 3

~ — ~ 1 —
> Ty =0, ;Tkzi, >

k=0
Theorem 7.1. For all integers m,n > 0, we have

(a) B, =A".

(b) C1A™ = A™Ch.

(¢) Cr4m = CnBm = BnCh.

Proof.

(a) Proof can be done by mathematical induction on n.

(b) After matrix multiplication, (b) follows.

(c) We have
4 -4 2 bn —4bp_1 + 2bp—2  2b,_1
AC,_1 = 1 0 0 bn_1 —4bp_o +2bn_3 2bp_o
0 1 0 bn_o —4bp_3+2bp_a 2b,_3

bn+1 74bn + 2bn—1 2bn
- bn _4bnfl + 2bn72 26,171 - Cn-
bn—l _4bn—2 + 2bn—3 2bn—2

i.e. Cp = AC,_1. From the last equation, using induction, we obtain C,, = A" 'C;. Now

Crym = A"T710, = A"7PA™CL = A PCLA™ = Cr B
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and similarly
Cnym = BmCh.
O

Some properties of matrix A™ can be given as
. _ _ 1
An:4An 17414” 2+2An 3:2An+172An+2+§An+3

and
An+m — AnAm — A'mAn
and
det(A™) = 2"

for all integers m,n > 0.

Theorem 7.2. For m,n > 0, we have

m+1 m m—1 m
bn+nL - bn Z j:’k + bn—l (_42 fk + 2 Ak) + an_z Z fk
k=0

k=0 k=0 k=0
m+1 m m—1

= boy Tit (—Abu-1+2bn-2) ) Tu+2bu1 ) T
k=0 k=0 k=0

(7.4)

(7.5)

Proof. From the equation Cy 4, = C,, By, = B C),, we see that an element of C,, 4+, is the product
of row Cy, and a column B,,. From the last equation, we say that an element of Cy,, is the product
of a row (), and column B,,,. We just compare the linear combination of the 2nd row and 1st column

entries of the matrices Cy4+m and C), B,,. This completes the proof.

Corollary 7.3. For m,n > 0, we have

m+1 m m—1 m
Toym = T, Z T+ Ths <—4Z Ty +2 Ak) + 2T s ka’

k=0 k=0 k=0 k=0

m—+1 m m—1 m
Koym = KoY Ti+ Ko (—42 h+2 k> +2K, 2 Y T,

k=0 k=0 k=0 k=0

m—+1 m m—1 . m
Mn+7n = Mn Z Tk + Mnfl (_42 E+ 2 k) + 2Mn72 Z Tk7

k=0 k=0 k=0 k=0

~ ~ 7n+1 -~ ~ m A~ m_:l o~ ~ o~
Un-‘rm = U, § Ty +Un-1 (_4 E k+ 2 g k) + 2U,—2 E Tk,
k=0

k=0 k=0 k=0
N N m—+1 N N mo m—1 N N LU
Gnym = Gn ZTk+Gn—l (—42 k+2 Z k) +2Gn—2ZTk,
k=0 k=0 k=0 k=0
=R . m-+1 . . m . m—1 . . m .
Hn+m - H’n Z Tk +H'n—1 <_4Z k +2 kz> +2Hn—22 k
k=0 k=0 k=0 k=0

From Corollary 6.1, we know that for n > 0,

SO Ty = Foes = 3Tsa £ T

k=0

So, Theorem 7.2 and Corollary 7.3 can be written in the following forms:
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Theorem 7.4. For m,n > 0, we have

bn+m = b'n (fm+4 - 3fm+3 + fm+2) + bnfl(_4fm+3 + 14fm+2 - 1Ofm+l + me) (76)
+bn72(2fm+3 - 6T\m+2 + 2f7n+1)-

Remark 7.1. By induction, it can be proved that for all integers m,n < 0, (7.6) holds. So, for all
integers m, n, (7.6) is true.

Corollary 7.5. For all integers m,n, we have

Toim = To(Twsa —3Tmss+ Tomia) + Tno1(—4Tmss + 14T 40 — 10T 41 + 2T0)
+Tn2(2Tmys — 6Tmya + 2Tm11),

Koim = Kno(Tymia—3Tmis+ Toi2) + Kno1(—4Tmys + 14T 0 — 10T 11 + 2T0)
+ R 2(2Tmys — 6T io + 2T 1),

Mpsm = My(Toya — 3Tmes + Tomga) + Mp_1(—4Tmss + 14T 12 — 10T 41 + 2T0)
+Mp—2(2T s — 6Timss + 2Ty,

Unim = Un(Tya —3Tmis+ Tonso) + Un1(—4T i3 4+ 14T 0 — 10T 11 + 2T0)
+Un—2(2T i3 — 6Timyo + 2Tms1),

Gnim = Gu(Tmya —3Tmis+ Tonyo) + Gno1(—4T s + 14T 0 — 107011 + 2T0)
+Gr2(2Tmis — 6Tmsa + 2Tmi1),

Hoym = Hu(Tonsa —3Tmss + Tonss) + Ho 1 (=4T i3 4+ 14T 0 — 10T, 1 + 2T0,)

+ﬁn72(2fm+3 - 6f7n+2 + 2fm+1)~

Now, we consider non-positive subscript cases. For n > 0, we define

Zk oT’v (QZk oTk Zko k) _2Ek oTk
Bon= ZZ:S Tk 2(23 5 OT k= ZTLHT k) —22 5 oT k
o Tk 2@ T =S T) =2 T

and
bfn+1 _4b7n + 2b7'n71 2bfn

Cfn = b—n _4b—n—1 + 2b—n—2 2b—n—1
b—n—l 74b—n—2 + 2b—n—3 2b—n—2

By convention, we assume that
—1 -2
NTp=0 > Typ=-
k=0 k=0

Theorem 7.6. For all integers m,n > 0, we have

(a) Bon=A""

(b) C_1A™T" =AT"C_;.

(¢) Coppen =C_pnB_y, = B_;,C_y.

Proof.

(a) Proof can be done by mathematical induction on 7.

(b) After matrix multiplication, (b) follows.

50



Soykan; ARJOM, 16(10): 26-55, 2020; Article no. ARJOM.61638

(c) We have
4 —4 2 b_n —4b_p_1+2b_p_2 2b_p_1
A7107n71 = 1 0 0 b1 —4b_,_o+2b_,_3 2b_,_o
0 1 0 bop_o —4b_p_3+2b_p_y 2b_,_3
b7n+1 _4b7'n + 3b7n71 2b7n
= b—n _4b—n—1 + 3b—n—2 2b—n—1 - Cfn7

bfnfl 74677172 + 3b7n73 2b7n72

ie. C_, = A~'C_,,_1. From the last equation, using induction, we obtain C_,, = A" lo .
Now,

Conem = A" 0 = A" A™C_ = A" C_lA T =C_,B_m

and similarly,
Con-m=B_nC_,.

O

Some properties of matrix A™" can be given as
—n —n— —n— —n—2 —n —n 1 —nH-3
AT =4ATT AT 4247 =247 24 +2+§A e

and

and
det(A™")=2""

for all integers m,n > 0.
Theorem 7.7. For m,n > 0, we have

R m—1
Tk) — 2b_ s Z T p
k=0

m—2 m—1
b—n—m - _b—n Z Tfk - b—n—l (_4 Z T—k + 2
k=0 k=0

-

m—

m—2 m
~bon D Tog = (Abonor +2bon2) D Top =201y Tog
k=0 k=0 k=0

.

Proof. From the equation C_,,_,, = C_,B_,, = B_,,C_,,, we see that an element of C_,,_,, is the
product of row C'_,, and a column B_,,. From the last equation, we say that an element of C_,,_,,
is the product of a row C_,, and column B_,,. We just compare the linear combination of the 2nd
row and 1st column entries of the matrices C_,,_,, and C_,, B_,,. This completes the proof. O
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Corollary 7.8. For m,n > 0, we have

m—2 m—1 m m—1
o = B ST Ty <4 7 +2Zf_k> LS T
k=0 k=0 k=0 k=0
m—2 m—1 m m—1
R = RS PR <4 S ng_k) VI Sr
k=0 k=0 k=0 k=0
. - m—2 P m—1 m - m—1
M_y o = —M_, T\_k —M_4 <—4 T\_k + QZT\_k> —2M_,_ o T\_k,
k=0 k=0 k=0 k=0
N N m—2 N N m—1 N mo N m—1 =R
Unm = -Upd T y—U-nn <—4 ST+ QZTk> —2W 2y T,
k=0 k=0 k=0 k=0
N N m—2 . N m—1 . mo m—1 N
Gnm = —G_u k=G n1 <_4 Z —k+ QZTI@) —2G _n2 Z Tfkh
k=0 k=0 k=0 k=0
N . m—2 . N m—1 N mo m—1 N
Honom = —Hon) Top—Houn <—4 "k +22Tk> —2H 2y T,
k=0 k=0 k=0 k=0

From Corollary 6.7, we know that for n > 1,

T =2y + 2T o — 2T 3.

NE

Bl
Il

1

Since Tp = 0, it follows that

ffk - _fonfl + 2f7n72 - 2f7n73-

=0

o

So, Theorem 7.7 and Corollary 7.8 can be written in the following forms.

Theorem 7.9. For m,n > 0, we have

bonm = bon(@T i1 — 2T + 2T 1) (7.7)
+b7n71(_8ffm + 127/:',m,1 - 12T7m72 + 4T7m73) + b7n72(4j;7m - 41/:‘7”»71 + 47/:',.,”,2).

Remark 7.2. By induction, it can be proved that for all integers m,n < 0, (7.7) holds. So, for all
integers m,n, (7.7) is true.
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Corollary 7.10. For all integers m,n, we have

f7'rL7'm = j_\'fn(szm«l»l - 2,1/:‘7'”7, + 2ffvnfl) + f77171(_8f77n + 12?777171 - 12?777172 + 4T7m73)

+ffn72(4j—1m - 4T\7m71 + 41/—1711,72)7

[?—n—m - I?—n(Zf—m-kl - Qf—m + 27/:—m—l) + I?—n—l(_Sf—m + 12f—m—1 - 12f—m—2 + 4f—m—3)

+[?7n72(4f7m - 41/—\‘777171 + 41/—\‘777172)3

M\—n—m = ]/\Z—n(Qj:—'rrH—l - Zf—m, + 2j—\’—rn—l) + M\—n—l(_sf—m + 12f—m,—l - 12f—m—2 + 4f—m—3)

+]/\27n72(4f77n - 4,1/:'7’m71 + 4f7'm72)7

Ufnfm - ﬁfn(zj—’\f'mn‘ﬁl - 2j—‘\f”m, + 2j—’\frnfl) + [/J\fnfl(78ffm + 12f,m,1 - 127/—1777,72 + 47/—1777,73)

+ﬁ—n—2(4f—m - 4,1/—\‘—m—1 + 4,1/—\‘—m—2)7

G*'nf'm = a771(2f7'm+1 - 2Tf’m + fomfl) + é‘7\771,71(_8f7’m + 12?777171 - 12?7'”7,72 + 4?,.,”,3)

+é—n—2(4f—m - 47/—\'—777‘—1 + 47/—\'—771—2),

ﬁ—n—'m - ﬁ—n(Qj:—m-kl - 2f—m + 2,1/:—m—1) + ﬁ—n—l(_8f—m + 12,1/:—m—1 - 12f—m—2 + 4f—m—3)

+I/:Ifn72(4ffm - 4=f7'm71 + 4f7m72)-

8 Conclusions

In the literature, there have been so many studies of the sequences of numbers and the sequences
of numbers were widely used in many research areas, such as physics, engineering, architecture,
nature and art. We introduced the binomial transform of the generalized Tribonacci sequence and
as special cases, the binomial transform of the Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin,
modified Tribonacci, modified Tribonacci-Lucas and adjusted Tribonacci-Lucas sequences has been
defined.

In section 1, we present some background about the generalized 3-step Fibonacci numbers
(also called the generalized Tribonacci numbers).

In section 2, we defined the binomial transform of the generalized Tribonacci sequence.

In section 3, we gave Binet’s formulas and generating functions of the binomial transform of
the generalized Tribonacci sequence.

In section 4, we present Simson formulas of the binomial transform of the generalized
Tribonacci sequence.

In section 5, we obtained some identities of the binomial transform of the generalized
Tribonacci sequence.

In section 6, we present sum formulas of the binomial transform of the generalized Tribonacci
sequence.

In section 7, we gave some matrix formulation of the binomial transform of the generalized
Tribonacci sequence.
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