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Abstract

In this paper, we present the New Modified Adomian Decomposition Method which is a
modification of the Modified Adomian Decomposition Method. The new method incorporates
the inverse linear operator theorem into the modified Adomian decomposition method for the
calculation of ug. Six linear and nonlinear boundary value problems with Neumann conditions
are solved in order to test the method. The results show that the method is effective.
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1 Introduction

The Adomian Decomposition Method (ADM) is used to find solutions to a wide range of equations.
Among the equations where ADM is employed include differential equations [1], [2], [3], [4], integral
equations [5], algebraic equations [6], [7] , [8], [9] and integral-differential equations or systems of
equations. [10], [11]. The ADM is a decomposition method which requires the splitting of the
unknown function u(x) into components which are infinite and are expressed as ug,u1,uz, .
For nonlinear terms Adomian polynomials denoted by A, are calculated and they depend on the
nonlinearity. The solution of a given problem is then expressed in the form of the equation [12],

w(z) = un(z). (1.1)

The convergence of the solution series (1.1) has been proved by some authors [13], [14]. For example,
[13] discussed the convergence of the Adomian method by using the Cauchy Kowalevskaya theorem.

It is started in section 2 of this paper that the ADM has been modified since its introduction. In
this paper, we present a modification of the ADM called the New Modified Adomian Decomposition
Method (NMADM) which is applied to solve boundary value problems with Neumann conditions.
The modification is basically the use of inverse linear operator theorem in combination with the
modified Adomian decomposition method. The mathematical analysis of the new method is
presented in section 3 of this paper.

2 The Mathematical Analysis of the Adomian Decompo-
sition Method

Let us consider an Initial Value Problem (IVP) of the form,

Lu+ Ru+ Nu=g. (2.1)
Here L is the linear operator to be inverted, N represents the nonlinear term, R is the remaining
linear operator and g is the source term. We choose L = % and assume that its inverse L' =

Jo ()dx exists. Solving for u by applying L™ on both sides of equation (2.1) and considering the
initial value we get the following equation,

u=(x)+ L 'g— L '[Ru+ Nul. (2.2)

The ADM decomposes the solution in the form of equation (1.1), and the nonlinear term Nu is
decomposed into a series

Nu=> A, (2.3)
n=0
Upon substituting (1.1) and (2.3) in (2.2) it gives the following,
SIS 3
n=0 n=0

The solution components u,(z) can be determined by the recursive scheme

> unle) = pla) + L7hg — L7

uo(x) = p(z) + L7g,
Un+1 = —L 7' [Run + An],n > 0.
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Thus the n — term approximation of the solution is given by

= iuk(aﬁ) (2.5)

Since its introduction there have been several modifications of the method [15], [16], [17]. Here,
we describe one of the modifications to the ADM termed as the Modified Adomian Decomposition
Method (MADM) [18], [19], [5], [20]. MADM requires that we put the expression L™ [>2°° anaz™]—
pL™" [30° ) anz™] into equation (2.4), where p is an artificial parameter and for all i € N U {0},
a; are unknown coefficients [21], [22], [23], [24]. We thus obtain the following

Zun = p(x) + L7 [Zan ]—le ianm"}

- (2.6)
—O—L_lg—L_1 <Zun> Z nl .
n=0
From equation (2.6), we can define the following recursive scheme
uo = ¢(z) + L7 [0 ana"],
up =L 'g—pL~t [Zn 0 @nT ] Lt [R(uo) + Ao],
Unt1 = =L [R(un) + Ay
To avoid calculation of A,, n = 0,1,2,---, we calculate the values of the coefficients a,, for

n=0,1,2,---, by setting u1 = 0. Immediately we verify that u,, = 0 for all n > 1. Setting p =1
we find the solution of equation (2.1) in the form of:

u(w) = pla) + L

Z anw":| . (2.7)

Unlike the ADM, MADM requires the calculation of up and w1 only hence reducing the number of
iterations, [23], [24], [17].

Let us consider the two-point nonlinear equation of the form.
' (x) + m(z)u' (z) + n(x)h(u(z)) = g(x),for = € [a,b] (2.8)
with Nuemann boundary conditions u'(a) = 81, u'(b) = 2.
We rewrite equation (2.8) as
u”(z) = g(x) — m(z)u'(z) — n(z)h(u(@)). (2.9)

Integrating the left hand side of equation (2.9) first from x to b and then integrating the resulting
expression from a to x and solve for u(x) we obtain the following

u(z) = /' (b)z — v/ (b)a + u(a) — Ly [9(x) — m(z)u'(z) — n(z)h(u(z))]. (2.10)

Using MADM we rewrite equation (2.10) as follows

Z un(z) = ' (0)z — v (b)a+u(a) + L" [Z anmn:| —pL™! |:Z anx":|
[g [Z Un + Z A,

(2.11)
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From equation (2.11) we can define the following recursive scheme
uo = ' (b)x — ' (b)a + u(a) + L, [Zn 2o an® } ,
ur = L [9(2)] — pLax [S070 ana™] — Lo [(u0) + Ao,
Unt1 = —Lgz [(un) + An].

Now in wo, the method allows us only to use one boundary condition v’ (b) and not «’(a). Hence
we can not proceed with MADM. We therefore, propose an alternative procedure to solve equation
(2.8). The proposed procedure incorporates the inverse linear operator theorem [25], in calculating
uo.

This arrangement of this paper is as follows. In section 3, we present the New Modified Adomian
Decomposition Method. Section 4 has examples to show the applicability of the new method and
the conclusion is presented in section 5.

3 The New Modified Adomian Decomposition Method

In this section we give the analysis of the New Modified Adomian Decomposition Method. It is a
modification of ADM as we have incorporated the inverse linear operator theorem in MADM. It
solves linear and nonlinear boundary value problems with Neumann conditions with less complications.
This is so because the modified scheme avoids the unnecessary computations especially in the
calculation of the Adomian polynomials by involving Ao only in nonlinear cases.

3.1 The Inverse Linear Operator Theorem [25].

This method is based on the MADM and the inverse linear operator theorem [25] which is presented
without prove. The proof is in [25].

Theorem If v/(a) = a and u/(b) = 8 are Neumann boundary conditions of a second-order ordinary
differential equation then,

Lou"(z) = u(z) — (z — Qu'(a) — $u'(b) — & foﬂ u(z)dr a<z<b

where,
LM = [Sde [T [)da” + & [ da’ (2 [ []da”)

where ) is an arbitrary finite constant.

3.2 Theoretical Presentation of the New Modified Adomian Decompo-
sition Method

Let us consider equation (2.8). By evaluating the left hand side of equation (2.8) using the inverse
linear operator theorem and solving for u(z) we get the following equation,

(@) = (z — Q' (a) + . / 2)dz + Lot g(z)

= Ly [m(x)u/(z )+n( Yh(u(@))]

(3.1)
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Using MADM, we rewrite equation (3.1) as follows

!/
u(z) = (z — Q' (a) + Q/ x)de + Ly, z%an ]
. " (3.2)
— Lo, [Z anz" | + Lyag(2) — Ly [m(z)u (z) + n()h(u(@))] .
n=0
Substituting equations (1.1) and (2.3) into equation (3.2) gives the following
iu (m):(x—Q)u'(a)—l—Qu'(b)—i—l/ﬂu(x)dac—i—lfl ia z"
- pL;acl |:Z an® + Lacac g Z un Z An
n=0 n=0 n=0

From equation (3.3) we deduce the following recursive scheme
uo = (T — Q)u'(a) + 24/ (b) + & fo z)dx + Loy [Y00 ana™],

Unt1 = =Lz [m(z)un,(z) + An] n> 1.

It should be noted that in the evaluation of ug, 2 — 0. We compute the coefficients a,, n > 0,
by putting ui = 0 and setting p = 1. This yields the solution of equation (2.8) in the form

Z anx”:| . (3.4)

w(z) =P + Loy
n=0

4 Illustrations

In this section, seven examples are solved to illustrate the use of NMADM. All the examples
are taken from [25], where they are solved using the Advanced Adomian Decomposition Method
(AADM). The results confirm the validity of the NMADM.

Example 1

Consider the following linear ordinary boundary problem [25],
v'(z)+u(z)+z=0 0<z<1 (4.1)

with boundary conditions

u'(0) = =1 +esc(l), u'(1) = —1+ cot(1).
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Solution
Let

[eS) Q oo

Z un(z) = (z — Q)u'(a) + %u/(b) + % /0 u(z)dz + L7" [Z anx"]

e "0 (4.2)

—pL™" [Z ane ] — Lo (u(2)) = Ly ().
Then
Q
uo = (x — Q' (a) + %u/(b) + é/o u(z)de + L~ Zanx :| . (4.3)

By using equation (4.3) we calculate uo and we obtain the following,

2 3 4 5 6 7
apgxT alx agxT a3zxT ajqxT a5 T
uo = —x + xcsc(l) + - + - BT AT ME | S8R ...

And using equation (4.2), we write u; as follows:
up = —pL~ 3007 ana®] — Ly (u(z)) — Ly (2)
_fo fo z)dzdz — pfoz foz [ZZO:O anm"} dxdx — foz foz uo)dzdz.

= —Exg — iaopﬁ — %alpm?’ — ll—gagpm4 — 4+ ém3 — éx?’ csc(l) — 24a0m + .
Putting u1 = 0 and p = 1, we calculate the values of u,, for n =0,1,2,3,4,5,--- and we obtain
the following,
apo =0, a1 =—csc(l), az=0, az= écsc(l), as =0, as= 120 cse(1),

The solution to equation (4.1) using equation (3.4) is therefore given by,
u(z) = —x +csc(l) (v — 22° + 352" — 9@’ +--)
= —x + csc(1) sin(z)
as obtained in [25].

Example 2
Consider the following nonlinear BVP, [25].

W —@W)? =0, 0<z<1 (4.4)
/ , 1
u' (0) = —1, u(l):—i.

Solution

By using equation (4.3) we calculate ug and we obtain the following,

uo = —p + 902% 4 waz® 4 agel | age® 4 oage® | agel

Then,

ur =L [0 ana”] —pL™" [3502, An(u')2] :
=—pfo Jo [Erioana"] =[5 5 (Ao(u
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1 2 _ 1 3
= —35a0pT” — Fa1pr” —

1 4 1,2 3
Sagpzt — -+ 22° —

%aox - %alx‘l + -
Putting u1 = 0 and p = 1, we calculate the values of u,, for n = 0,1,2,3,4,5,--- and we obtain
the following,

apg = 1, a]r = —2,

a2 = 3, asz = —4,
The solution to equation (4.4) using equation (3.4) is found as
u(z) = —z + 32°

5
=—log(z+1
as obtained in [25].

1,3, 1.4 1.5
— 32"+ 7T — 3T

Example 3

Consider the following nonlinear Burger equation, [25].

' +uu' +u = = sin(2z), OS:BS% (4.5)
/ [T
0) =1, ( ):0
u'(0) w5

Solution

By using equation (4.3) we calculate ug and we obtain the following,

1 2 1 3 1 4 1 5 1 6 1 7
Uug = x + 5a0T + ga1T + 1502% + 30037 + 3047 + 15452 —+ e
Then

= —p [57 g ana™] + Lt (202) - Lo} (A (ue) — Lz (un).
—p fom fOT [ZZOZO anz"] + fOT for (sin(Zz)

@) [ [ (Ao(ud)) = Ji Ji (o),

1 2 _ 1 3_ 1 4 1
—5a0pT” — §a1pT” — {5a2PT — -+ —

1,3 __ 1.5
T+ 5T — g e
Putting u1 =

0 and p = 1, we calculate the values of u,, forn =0,1,2,3,4,5, --
following

- and we obtain the
CLOZO, a1:—1, CLQZO7 asz =

o=

— _ 1 _ _ 1
5 a4*07 as = — 150> (1670, a7 =

5040
Therefore, the solution to equation (4.5) by using equation (3.4) is given by

3 5 7 9
x x x x
u(x) - +5 - +5,

= sin(x),

as obtained in [25].

Example 4

Consider the following linear partial boundary value problems for the heat equation, [25].

2
%_%, 0<z<1, t>0 (4.6)
uz(0,1) = e,

uz(1,t) = €' cosh(1).
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Solution

By using equation (4.3) we calculate uo and we obtain the following,

2 3 4 5 6 7 8 9
_ t agx aix asx azx asx asx ag® arx .
w=ze +=5-+"g-t 55 T 5+t 5 t 7t 5 T Tt :
And

ur = —pLyy [Y00 g ana™] + Lo (un).

z—pfoxfow (a0+a1$+a2x2+---)dxd$+f0wf0x (met—&—%—l—%—&—---)dmda@,

=P -t o pHE - e ST S
Putting u; = 0 and p = 1, we calculate the values of u,, for n =0,1,2,3,4,5,--- and we obtain the
following
t t t
CLOZO, alzet, CLQZO, a3:%, a4:0, (15:16%, a(;:O, (17:5(6)%,
Therefore, the solution to equation (4.6) using equation (3.4) is given by
_t 13 zs 17 19
u(z) = e (m+?+ﬁ+ 5040 +362880+"')7
t z3 x® 27 zY
=e ($+§+ﬁ+ﬁ+ﬁ+"')7
= e'sinh(z)
as obtained in [25].
Example 5
Consider the following nonlinear Burger equation [25].
Up + Uy — Ugy = 0, 0§x§g7 t>0 (4.7)
1 2 1 72 9 (T
uI(O,t) = z — ?, uz(z,t) = E — ﬁsech (?) .
Solution
By using equation (4.3) we calculate uo and we obtain the following,
x zm? aoz2 alzs agz4 agz‘r’ a4z6 a5z7
UW=3 -t 5 T Tttt T o
Then.
ur = —pLay [Ynlg ana™] + Ly [ (un) + An(uus)]
=-p fox fom (ao +a1z + agz? + - ) dzdx + fom fox (%uo + uo%uo) dxdz
2 3 4 3 3.2 3
= po
Putting u; = 0 and p = 1, we calculate the values of u,, for n =0,1,2,3,4,5,--- and we obtain the
following
wt wt 6 wt w2 1778
ao=0, a1=7z, a=0, as=¢gz — 150, =0, a5 =555 — 507 T 95055

Therefore, the solution to equation (4.7) using equation (3.4) is given by

W) =5-7[(3) - 5(E) + B (F) - EE) ] +e
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=5 —  tanh () + &,
where &7 is a constant,
as obtained in [25].
Example 6
Consider the following linear ordinary boundary value problem [25].

u’ = e” (4.8)

Solution
By using equation (4.3) we calculate uo and we obtain the following,
2 3 4 .5 6 T
L e R S R R

Then,

ur = —pLaz [Y0lg ana™] + Lz e®,
=—p [} [J (a0 + a1® + aza” + azz® + asz® + a5z’ + - )dadx + [ [ e“dada,

2 3 4 5 6 7
_ _agpe? _ aipe® _ aopat _ agpe® _ a4pa® _ aspe T
= 2 6 12 20 30 5t te—x—1L

In the expression for u; we replace e” by its Taylor series to get

2 3 4 B
_ _aopz® _ aipz® _ agpz® | 1,2, 1.3 o
uy = 5 & 5 +(1+x+2x + 3T +) r—1,

2 3 4
— __Qopxz” _ a1pr” _ a2pT ... 1.2 1.3 1 .4 -
= 2 6 12 Tt 5T+ 5+ :

Putting u; = 0 and p = 1 we calculate the values of u,, for n =0,1,2,3,4,5,--- and we obtain the
following
ao =1, a1 =1, a2—%7 a3—é7 ‘14—2147 as = 1;07

Thus the solution of equation (4.8) by using equation (3.4) is
we) =z + 5 +% + 55+ 43 T 70 T s0m0 T
2 3 4 5 6 7
=z + L+ T
= efI)

as obtained in [25].

Example 7

Let us consinder Bratu equation which is used in some application, [25]. For example it is used
in fuel ignition in the thermal combustion theory as well as in the Chandrasekhar model of the
expansion of the universe [25].

W' —2"=0 0<z<1 (4.9)

v (0)=0 ,u'(1)=2tan(1).
Solution

By using equation (4.3) we calculate ug and we obtain the following,

2 3 4 5 6 7
agx alx agx agzx aqx asx
L i s i A e S i e e S
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Then
= —pLas 300 ana"] + Loge™
=-—p fox fo (ap + a1 + asx? + asx® + asx* + asx® + - -)dzdx + fo fx e“Odxdr

We replace e"° by its Taylor series and evaluate to get

2 3 4
Uy = _aogz _ algz _ a21p2m . +332 + %aole + ﬁ(gag +2a2)a:6 +
Putting u; = 0 and p = 1 we calculate the values of u,, for n =0,1,2,3,4,5,--- and we obtain the
following

ol

CLOZQ, 011:07 a2=2, 61/3:07 a4 = 3, 015207

Thus the solution of equation (4.9) by using equation (3.4) is
ul@) =%+ 55+
as obtained in [25].

5 Conclusions

We introduced the New Modified Adomian Decomposition Method (NMADM) which is used for
solving two-point Boundary Value Problems (BVPs) with Neumann boundary conditions. NMADM
is founded on the inverse linear operator theorem and MADM to calculate up and MADM only to
find wi. To illustrate the applicability and efficiency of the new method, SageMath software for
computational work has been used to obtain solutions to several homogeneous and nonhomogeneous
differential equations. Noise terms phenomena is applicable to nonhomogeneous differential equations.
From the results of the examples illustrated, one can infer that NMADM is an efficient and reliable
method for solving BVPs with Neumann boundary conditions.
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