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Abstract: The aim of this paper is to establish some new fractional Hadamard and Fejér-Hadamard
inequalities for exponentially (h, m)-convex functions. These inequalities are produced by using the
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1. Introduction and Preliminaries

C onvex functions are very important in the field of mathematical inequalities. Nobody can deny the
importance of convex functions. A large number of mathematical inequalities exist in literature due to
convex functions. For more information related to convex functions and it’s properties (see, [1-3]).

Definition 1. A function # : I — R on an interval of real line is said to be convex, if for all «,§ € I and
k € [0,1], the following inequality holds:

pke+(1=x)p) < xpu(a) + (1= x)p(p). )
The function y is said to be concave if —p is convex.

A convex function is interpreted very nicely in the coordinate plane by the well known Hadamard
inequality stated as follows:

Theorem 2. Let y : [, B] — R be a convex function such that & < B. The following inequalities holds:

n(258) < 5 [ ntan < KO HE),

In [4], Fejér gave the generalization of Hadamard inequality known as the Fejér-Hadamard inequality
stated as follows:

Theorem 3. Let jt : [a, B] — R be a convex function such that &« < B. Also let v : [a, B] — R be a positive, integrable
and symmetric to # The following inequalities hold:

i (“J2rﬂ> /f v(x)dx < /aﬁy(K)v(K)dK < M /jV(K)dK- 2)
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The Hadamard and the Fejér-Hadamard inequalities are further generalized in various ways by using
different fractional integral operators such as Riemann-Liouville, Katugampola, conformable and generalized
fractional integral operators containing Mittag-Leffler function etc. For more results and details (see, [5-21]).

Next we give the definition of exponentially convex functions.

Definition 4. [9,22] A function y : I — R on an interval of real line is said to be exponentially convex, if for all
a, B € Iand « € [0,1], the following inequality holds:

e”[(KD‘+(1_K),B) S Ke”(‘x) —+ (1 — K)e”‘(.B) (3)
In [23], Rashid et al., gave the definition of exponentially s-convex functions.

Definition 5. Lets € [0,1]. A function y : I — R on an interval of real line is said to be exponentially s-convex,
if foralla, p € I and k € [0, 1], the following inequality holds:

e”(K“+(17K)ﬂ) S Kse]/l(“) + (1 — K)Sey(ﬁ). (4)
In [24], Rashid et al., gave the definition of exponentially h-convex functions.

Definition 6. Let ] C R be an interval containing (0,1) and let & : | — R be a non-negative function. Then
a function y : I — R on an interval of real line is said to be exponentially h-convex, if for all «, 8 € I and
x € [0,1], the following inequality holds:

el (ka+(1-1)B) < h(K)eP‘("‘) +h(1— K)eu(ﬁ). (5)
In [25], Rashid et al., gave the definition of exponentially m-convex functions.

Definition 7. A function # : I — R on an interval of real line is said to be exponentially m-convex, if for all
a,p€1l,me (0,1] and x € [0,1], the following inequality holds:

ey(K‘X+m(17K)ﬁ) S Key(“) —+ m(l — K)e;‘(ﬁ) (6)
In [26], Rashid et al., gave the definition of exponentially (%, m)-convex functions.

Definition 8. Let | C R be an interval containing (0,1) and let & : ] — R be a non-negative function. Then
a function ¢ : I — R on an interval of real line is said to be exponentially (h, m)-convex, if for all a, f € I,
m € (0,1] and x € [0, 1], the following inequality holds:

et et mA=)B) < (i)l @) 4 mh(1 — x)etP). @)

Remark 1. 1. If weseth(x) = x and m = 1in (7), then exponentially convex function (3) is obtained.
2. If we set h(x) = x° and m = 1 in (7), then exponentially s-convex function (4) is obtained.
3. If we set m = 11in (7), then exponentially h-convex function (5) is obtained.
4. If we set h(x) = « in (7), then exponentially m-convex function (6) is obtained.

Fractional integral operators also play important role in the subject of mathematical analysis. Recently in
[27], Andri¢ et al., defined the generalized fractional integral operators containing generalized Mittag-Leffler
function in their kernels as follows:

Definition 9. Let ¢, 0, ¢,1,6,c € C, R(c), R(¢), R(I) > 0, R(c) > R(g) > Owithp > 0,r >0and 0 < g <

r+R(c). Let u € Li[a, B] and u € [a, B]. Then the generalized fractional integral operators Y(itpqlczp (i and

Yg':pqlclp g Hare defined by:

(Y o) (i) = [ )P B (o w1, ®
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B _
(Yergte,pm) (ip) = [ = w)f TESGE (plx = ) p) (), ©)

r,

G,
where E "

ql’c (; p) is the generalized Mittag-Leffler function defined as follows:

2 TSR = Bp(c+ng,c—¢c) (g K"
Eogl (5P) = X =g Tont¢) U

In [28], Farid defined the following unified integral operators:

Definition 10. Let y,v : [, ] — R, 0 < & < B be the functions such that u be a positive and integrable and
v be a differentiable and strictly increasing. Also, let % be an increasing function on [¢, o0) and ¢, ¢,1,¢,c € C,
R(¢p),R(1) >0, R(c) > R(g) > O0withp >0,0,r >0and 0 < g < r+ 0. Then for u € [a, ] the integral

operators VYZ;?ZE uand VYZ; ?gf y are defined by:
T oy (M) —v(K)) Lerac _ o.
(g i) = [ LU= g ) — w7t o), (10)
7,4, B - 7,4, o
(¥san) tp) = [ = B (o) — w(u)) s ) ). an

If we set (1) = u? in (10) and (11), then we get the following generalized fractional integral operators
containing Mittag-Leffler function:

Definition 11. Let y1, v : [a, ] = R, 0 < & < B be the functions such that y be a positive and integrable and v
be a differentiable and strictly increasing. Also let ¢, ¢,1,¢,c € C, R(¢), R(I) > 0, R(c) > R(g) > Owithp >0,
o,r >0and 0 < g < r+c. Then for u € [, B] the integral operators VYg’:};qI’CIP L Hand LYOE oy are defined

oo,
by:
(Yt ) Gip) = [ () = v()? T ESE W) = v() s p)n(0)d (v(x)), (12)
(i) ip) = [ " (k) — v ()P (v — v()% P (1)), (13)

Remark 2. (12) and (13) are the generalization of the following fractional integral operators:

1. Setting v(u) = u, the fractional integral operators (8) and (9), can be obtained.

2. Setting v(u) = u and p = 0, the fractional integral operators defined by Salim-Faraj in [29], can be
obtained.

3. Setting v(1) = u and I = r = 1, the fractional integral operators defined by Rahman ef al., in [30], can be
obtained.

4. Setting v(u) = u, p = 0and | = r = 1, the fractional integral operators defined by Srivastava-Tomovski
in [31], can be obtained.

5. Setting v(u) = u, p = 0and | = r = g = 1, the fractional integral operators defined by Prabhakar in [32],
can be obtained.

6. Setting v(u) = 1 and ¢ = p = 0, the Riemann-Liouville fractional integral operators can be obtained.

In [33], Mehmood et al., proved the following formulas for constant function:
(YT er1) () = (v(u) = v(@)PESES (((v(ae) = v(@)) p) =0 4 o (), (14)

(YE7, 5 1) () = (u(B) — v()PESS  (p(u(B) — v(w))%s p) ==y & s (). (15)

The objective of this paper is to establish the Hadamard and the Fejér-Hadamard inequalities for
generalized fractional integral operators (12) and (13) containing Mittag-Leffler function via a monotone
function by using the exponentially (%, m)-convex functions. These inequalities lead to produce the Hadamard
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and the Fejér-Hadamard inequalities for various kinds of exponentially convexity and well known fractional
integral operators given in Remark 1 and Remark 2. In Section 2, we prove the Hadamard inequalities for
generalized fractional integral operators (12) and (13) via exponentially (, m)-convex functions. In Section 3,
we prove the Fejér-Hadamard inequalities for these generalized fractional integral operators via exponentially
(h, m)-convex functions. Moreover, some of the results published in [26,33,34] have been obtained in particular.

2. Fractional Hadamard inequalities for exponentially (/, m)-convex functions

In this section, we will give two versions of the generalized fractional Hadamard inequality. To establish
these inequalities exponentially (1, m)-convexity and generalized fractional integrals operators have been
used.

Theorem 12. Let p,v : [a,mB] C [0,00) = R, 0 < a < mp be two functions such that p be integrable and v be
differentiable. If u be exponentially (h, m)-convex, v be strictly increasing and h € [0, 1]. Then for generalized fractional
integral operators, the following inequalities hold:

v(a)+mv(B)
PG

)l 7 () )
< (5) o e () () )
h (;) (mv(B) — v(@)? [ (XD merB)) (YEH4E 1) (0;p)

v @ J1,,€ . T (4
+m (eu( (B)) +mel‘( m )) (quyqllpmh) (1,p)} , where 1 = v (B) = (@) (16)

IN

Proof. By the exponentially (/, m)-convexity of 1, we have

v(a)+mv(B) v(a
HTE) (;) [eu<w<a>+m<1K>v<ﬁ>>+meu<<1x)%w(ﬁ))} 17)

Multiplying (17) with x#~1 Eg;qlc (¢x7; p) and integrating over [0, 1], we have

v(a)+mv(B)
M) [t B (g pre

1 e 1.4, xv(a)+m(l—x)v L. J1,0,C AR R
<h <2> {/o x? 1Efr,¢f’l (gbK”;p)e”( (@) +m(1=x)v(B)) gy —|—m/0 x? 155@71 (1!1K‘7;p)e”((1 )5 v (B) die |
(18)

Setting v(u) = xv(a) +m(1—x)v(p) and v(v) = (1 —x) % +xv(p) in (18), then again from exponentially
(h, m)-convexity of y, we have

V(@ +m=K)V(B) | ot (1-1) "2 4xu(p))

v(a)
< () (00 el D) (1 ) (ew(ﬁ)) N meﬂ(mz)) , (19)
Multiplying (19) with h (%) K‘l”lEg:;)’Z’c(t/JK"; p) and integrating over [0, 1], we have

1 ,1,4,C ((xv(a)+m ;c 1/ 7.0, e v(w) .
h <2) |:/0 K= 1E§¢ql (IPKU; p)g?( (@) +m(1—- dK+m/ K 1E¢g7¢ql IPKU,‘ p)ey((l yae (‘B))dK:|
D) (24 mert#0) [ o g W) 4 et (52)
<h 3 (e + me )/0 K0 ES 1 (k7 p)h()dic+m | e + me U

></0 e 1Egrqc(1p1c ;p)h (1—K>dk}. (20)
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Setting v(1t) = xv () + m(1 —x)v(B) and v(v) = (1— ) L& 4 xv () in (20), then by using (8), (9), (12)and
(13), the second inequality of (16) is obtained. [

Corollary 1. Setting m = 1in (16), the following inequalities for exponentially h-convex function can be obtained:
;4(()$> & Crac  pov SHAe v
e ¢a+(ﬁ P)<h (Yg¢lwa+e )(‘B/p) (Yg(p[lp‘gfe )("‘/P)
1
<h <2) (v(B) — v(a))? (eV(V(oc)) +ey(v(ﬁ))) [(Yitpqlclprh) (0;p) + (Yg I;qucl/10+h) (1}P)} , @1)

T ¥
where § = e

Remark 3. 1. If we set h(x) = x in (16), then [33, Theorem 8] is obtained.

2. If weset h(x) = x and m = 1in (16), then [33, Corollary 1] is obtained.

3. If weset v(u) = u and h(x) = « in (16), then [34, Theorem 2.1] is obtained.

4. Ifwesetv(u) =u, h(x) = x and m = 1 in (16), then [34, Corollary 2.2] is obtained.
5. If we set v(u) = u in (16), then [26, Theorem 2.1] is obtained.

In the following we give another version of the Hadamard inequality for generalized fractional integral
operators via exponentially (h, m)-convex functions.

Theorem 13. Let p,v : [a,mB] C [0,00) = R, 0 < a < mp be two functions such that p be integrable and v be
differentiable. If u be exponentially (h, m)-convex and v be strictly increasing. Then for generalized fractional integral
operators, the following inequalities hold:

u(a)+mu(ﬁ)) ¢
A4
1[,217,(1,—1 (V(“)+2’”V(ﬁ) ))

1 1.4, ov _ )
- h(2> l( Yj(pqzwzv (v 1(@))“’” ) (v (mv(B)); p)

1 (v(a)
o e
(V el fame, (v (M8 )) =) ip

o

(T (mv()); p)

1 (mV<IB) — V(a))(P v(a (v Lo 14,€ K
Sh(2> T (eV( @) 4 et (5)))/0 a4 1E§’¢Z (px7; p)h (E)dx
v(e) 2—x
v(p)) P K- 1psrac . il
+m<e”v + me ( 2)>/0 s (IPKUIP)h( > )dK} , (22)

where P is same as in (16).

Proof. By the exponentially (h, m)-convexity of y, we have

ey(v(oc)-%—zmv(ﬁ)) < n (;) |:ey<gv(lx)+m(227<)v(ﬁ)) +me ( v(B)+ ('U):| . (23)

Multiplying (23) with K‘/”lEg’gql’c (¢x7; p) and integrating over [0, 1], we have

v(a)+mv(B)
eﬂ( 2 >/0 kP~ 1E(€7;’41C(1/JK‘7,‘P)dK
1 K (2—x) 1 K (2—x) v(a)
=" <;) U "‘P*lEf%:éqz'C(tPK”;P)ey(fV(“)+mTv(ﬁ))dK+m/ VBT (e p)e (VP g
0 o 0

(24)

Setting v(u) = Sv(a) + m(zg—’c)v(ﬁ) and v(v) = 5v(B) + (ZEK % in (24), then by using (12), (13) and (14),
the first inequality of (22) is obtained.
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Again from exponentially (1, m)-convexity of i, we have

3 (2—x) v(a)
—i—meH(zV(ﬁH 2 m > (25)

< (£) (") mer)) 4y (Zg’f) (emv(ﬁ)) n meﬂ(”,i“z'))) ,

Multiplying (25) with h (%) K‘P’lEs’;;ql’C(lpK”; p) and integrating over [0, 1], we have

x (2—x) 1 K (2—x) v(a)
h(1> {/0 Kb 1Egrqc(¢K0;p)eﬂ<zv(a)+m 7 V('g)>d1(+m/0 K¢71Eg,,;,i1[,c(¢1{a;p)eﬂ(2V(/5)+ T )dx}

2 ol
1 K
z (v(w)) wv(p)) K- 1porac . e
§h<2> {(e’“’“ + met'V )/0 Eyol (yx7; p)h (z)dx
(v ) T, 2—xK
o (0 ) [ 8 gepn (255) a] o

Putting v(u) = Sv(a) + m@v(ﬁ) and v(v) = Sv(B) + (22K) ) in (26), then by using (12) and (13), the
second inequality of (22) is obtained. [

Corollary 2. Setting m = 1 in (22), the following inequalities for exponentially h-convex function can be obtained:

via)4v(p)
20 (5 g9 (8:9)
o, (u1 (202 ))
1
<nhl= VYQ,r,q,c pov ; + VYQJ',C],C ~ghov ;
= (2) < 17,4,,1,4}20,(1/—1(V(“);V(ﬁ)))Jre >(ﬁ P) oL, (V_l(m;v(m)) e | (i p)
—v(a))? _
< (;) (B ~ V()T (outvw) 4 o6 [/ B (s ) (5 ) [ 0 ST (s ) (2 . ) dK]

27)
where P is same as in (21).

Remark 4. 1. If we set h(x) = x in (22), then [33, Theorem 9] is obtained.
2. If we set h(x) = x and m = 1in (22), then [33, Corollary 2] is obtained.
3. If weset v(u) = u and h(x) = « in (22), then [34, Theorem 2.4] is obtained.
4. Ifwesetv(u) =u, h(x) = x and m = 1 in (22), then [34, Corollary 2.5] is obtained.
5. If we set v(u) = u in (22), then [26, Theorem 2.2] is obtained.

3. Fractional Fejér-Hadamard Inequalities for exponentially (/, m)-convex functions

In this section, we will give two versions of the generalized fractional Fejér-Hadamard inequality. To
establish these inequalities exponentially (1, m)-convexity and generalized fractional integrals operators have
been used.

Theorem 14. Let p,v : [a,mp] C [0,00) — R, 0 < a < mp be two functions such that p be integrable and v
be differentiable. If u be exponentially (h, m)-convex and u(v(v)) = u(v(a) + mv(B) —mv(v)) and v be strictly
increasing. Also, let y : [x, mB] — R be a function which is non-negative and integrable. Then for generalized fractional
integral operators, the following inequalities hold:

v(a)+mv(B) V(OC) 1 1,4,C — V(“)
H 6.1.9,€ o -1 . G174, o o 1 .
€ ( i >(Y0‘Pllp”1‘7,576’y V) (V ( m >,P><h<2) (1 m)(Y(‘Pllplgﬁiyve’y V) (V < n P

1 (mV(IB) _V(“))(P wu(v(a)) u(v(p)) 1 ¢—1p614,C o, ’Y((l—K)M—&-Kv(‘B))
=k (2) m® (e + me )/0 KPE ) (Yr7ip)e h (x) dx

(V) ) o)
+m<ey(v(/3))+mel<mz )>/O K 1E§¢qlc(¢xa;p)ev((l ) +xv(ﬁ))h(1 —K)dK], (28)
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where P is same as in (16).

Proof. Multiplying (17) with K4”1E(€7’:/;ql’c(t/m‘7; p)eV((l_K)%”V(ﬁ)) and integrating over [0, 1], we have

eﬂ(M)/ K- 1E€7‘1C(l/}KU;p)ev((l—fc)%-&-xv(ﬁ))d;{

( ) [ / KPLESTA (i p) M V(8 +1-00() (1) 0 8)

m / KPS (i p)eh (1K) 54w () o1 (1=0) 5 40 B)) e | (29)

Setting v(v) = (1 —«) Vgn—'x) +xv(B) in (29), then by using (13) and assumption p(v(v)) = u(v(a) +mv(p) —
mv(v)), the first inequality of (28) is obtained.

Now multiplying (19) with h (%) K‘P—lEg’;Z’C (px7; p)er(1-%) 5 +x0(6)) and integrating over [0, 1], we have

h G) [ /1 VB (i p) ) T ) (1) 5 ) i
; s
+m/ ROLETAE (g (1) - B (100 2508 g }

<n @ {(ew(a)) + mer(8) /O KPLESAE (i p)e (10 0B () i

v(a)
e <ey(v(ﬁ))+meﬂ(mz))/ R LETE (e p) (1) “e B (1 —x)d;c} (30)
0

Setting v(v) = (1 —«) V,(ﬂ—“) +xv(B) in (30), then by using (13) and assumption p(v(v)) = p(v(a) +mv(p) —
mv(v)), the second inequality of (28) is obtained. [J

Corollary 3. Setting m = 1 in (28), the following inequalities for exponentially h-convex function can be obtained:

P LB ol p.B~
<n (1) (1(B) — v(@)? (eH+(0) 4 H6)) { /0 K TESAE (g p)e (1070 H58 B (1) i

+ / KOLESAE (i p)e (100 B (1 — ) dK], 31)

s ) (YR 5 @) (asp) < 2h G) (et e e™) )

where P is same as in (21).

Remark 5. 1. If we set h(x) = x in (28), then [33, Theorem 10] is obtained.

2. If we set h(x) = x and m = 1in (28), then [33, Corollary 3] is obtained.

3. If wesetv(u) =u and h(x) = x in (28), then [34, Theorem 2.7] is obtained.

4. Ifwesetv(u) =u, h(x) = x and m = 1 in (28), then [34, Corollary 2.8] is obtained.
5. If we set v(u) = u in (28), then [26, Theorem 2.3] is obtained.

In the following we give another generalized fractional version of the Fejér-Hadamard inequality.

Theorem 15. Let p,v : [o,mB] C [0,00) — R, 0 < a < mp be two functions such that y be integrable and v
be differentiable. If u be exponentially (h,m)-convex and u(v(v)) = u(v(a) + mv(B) — mv(v)) and v be strictly
increasing. Also, let y : [x, mB] — R be a function which is non-negative and integrable. Then for generalized fractional
integral operators, the following inequalities hold:
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P’(v(aHZW(ﬁ)) cra,c - <_1<v(1x)>. )
e VYV,(P,l,lI_](zm)V/(U,l(W>>,e v . p

1 _1(v(a)
<h(z)@+m)|, Y _elovereV ( 1(); )
< (2)( m)(z U,¢,l,¢(2m)”,<u—1(w>) elVe v - P

1\ (mv(B) —v(@)? [/ wwiw) w08 [*ptpera o\ a(fEE0Y) k
h(2> (2m)? (04 me )/0 KPES g (YR pe n (%) de

v(a) 1 Ky 2—x) v(a) 2
+m<ez4(1f(ﬁ))+me”(n,2>)/o K‘i’*lEg’;Z’C(lpKa;p)ew(z (B)+ m>h<2")d4, (32)

IN

where 1 is same as in (16).

v(a)
") and integrating over [0, 1], we have

Proof. Multiplying (23) with K‘/”lEg’gql’C(tpK” ;p)e’ (% (B

eﬂ(b’(aHZmV(/S))/ KPTES (i p)e” (v ) o

()[/ KP1ESAE (e, ol (1@ Ev(®) v (3v(B)+ B2 50 4

04)1

—I—WI/ K 1E€Y¢7C ¢K0;p)ey<%v(ﬁ)+ =L Ti‘)e’Y(%V(ﬁ)* 2 T)dK ] (33)

Setting v(v) = Sv(B) + (ZZK) ) in (33), then by using (13) and assumption p(v(v)) = p(v(a) + mv(B) —
mv(v)), the first inequality of (32) is obtalned

x 2—x) v(a)
Now multiplying (25) with h (%) ¢ 1E§:quc(1/)1<‘7; p)e7<zv(ﬁ)+ zom ) and integrating over [0, 1], we have

( ) [ / B p)eu(%vwm“;'”v(ﬁ));(%v(ﬁ)ﬂzg“%”)d,{
( )
+m/ kP~ 1Eg”76 (px; p)e’ ( )dx]
I\ [(n (@) 1yt B [ b= ESTE (e )7 (BU(BI+ET2 5 ) (K
< () e ) [ tegze e et (05 (B
v(a) X (2—x) v(a) _
+m<e”("(ﬂ))+mey<mz))/ox"’1E§:;;Z'C(1PKU)P)€7(2 : '”>h<22K)dK} (34)
Setting v(v) = Sv(B) + @% in (34), then by using (13) and assumption y(v(v)) = p(v(a) +mv(B) —
mv(v)), the second inequality of (32) is obtained. [

Corollary 4. Setting m = 1 in (32), the following inequalities for exponentially h-convex function can be obtained:

(M) orae you \ (. (1) crac I
e 2 Yaqﬂl/ﬁ" (V 1(%))_6 (a;p) < 2h > lelng (V 1( <>;v(ﬁ>))‘e e (a;p)

1 v —v(a))? v b o1pon ,C Sv 21y (y K
< <2> (v(B) 2¢ (a)) (ey(v(uc)) Lol (,5))) {/0 K -1ET (¢KU;P)67(2 B+ W) (E) i

Ky (2—x) _
+ [t e () (220 ], 5)

where P is same as in (21).

Remark 6. 1. If we set h(x) = « in (32), then [33, Theorem 11] is obtained.
2. If we set h(x) = x and m = 11in (32), then [33, Corollary 4] is obtained.
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Remark 7. By setting h(x) = x° and m = 1 in Theorems 12, 13, 14 and 15, the Hadamard and the
Fejér-Hadamard inequalities for exponentially s-convex functions can be obtained. We leave it for interested
reader.

4. Concluding remarks

In this article, we established the Hadamard and the Fejér-Hadamard inequalities. To established these
inequalities generalized fractional integral operators and exponentially (h, m)-convexity have been used. The
presented results hold for various kind of exponentially convexity and well known fractional integral operators
given in Remarks 1 and 2. Moreover, the established results have connection with already published results.
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