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Abstract

In this paper, we consider the following higher-order nonlinear neutral differential equations:
a
dtm

where 7,0,8 € Rt, c € R,c # £1, and P(t), Q(t) € C([to,0), R"), fi(u) € C(R, R), ufi(uw) > 0.

we obtain the results which are some sufficient conditions for existence of nonoscillation solutions,
special case of the equation has also been studied.

[2(t) + ca(t — 7)) + (=1)" P fi (2(t — 0)) = Q1) f2 (x(t =8))] =0, t>1to

Keywords: Higher-order; differential equation; nonoscillation solutions; existence.

2010 Mathematics Subject Classification: 34K10, 34K11.

*Corresponding author: E-mail: 234880202@qq.com;


http://www.sdiarticle4.com/review-history/62477

Yu-Ping and Hua; ARJOM, 16(10): 72-78, 2020; Article no. ARJOM.62477

1 Introduction

In this paper, we shall consider existence of nonoscillation solution of higher-order nonlinear neutral
differential equations

Do) + exlt — D+ D" POA (el 0)) ~ QO (et~ )] =0, 1200 (L)

where 7,0, € R, ¢ € R,c # £1, and P(t),Q(t) € C([to,0), RT), Rt = (0,+0c0). fi(u) €
C(R,R), ufi(u) > 0. If u > 0, then IN;, st. 0 < N; < fi(u) <w, |fi(u)— fi(v)] < Lilu—v|,i=1,2,
Let u = {7,0,d}. By a solution of equation (1.1), we mean a continuously function z(t) € C([to —
i, 00), R) for some t1 > to, such that z(t) + cx(t — 7) is continuously differentiable on [¢1,00) and
such that equation (1.1) is satisfied for ¢ > ¢;.

Recently, more and more people are interested in nonoscillatory criteria of differential equations,
we refer the reader to [1 — 11], the differential equation in [1].
dn
dtn
studied nonoscillation solution for a family of higher-order linear neutral differential equations

with positive and negative coefficients, Our principal goal in this paper is to derive existence of
nonoscillation solutions for nonlinear equation (1.1).

[(t) + cx(t — 7)] + (—1)"+1[P(t):r(t —0)—Q)x(t—96)]=0, t>to

2 Existence Theorems

Theorem 1. Assume that 0 < ¢ < 1 and

/00 5" P(s)ds < oo, /00 s"7'Q(s)ds < oo. (2.1)

to to

Further, assume that there exists a constant o > i and a sufficiently large t1 > to such that
P(t) > aQ(t), for t>t (2.2)

Then (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.2), there exists a ¢; sufficiently large such that

1 ; /°°(s - t)"*l(L1P(s) + L2Q(s))ds < 01 <1, for t>t1 (2.3)

C+(n—l

where 6 is a constant, and

1 > _
0< W/ (s — )" "(aMP(s) — LoQ(s))ds < c — 1 —aM, for t>t (2.4)
-1,
1 0 et l—-c—caM —cM
< —— —t ds < t>t 2.
0 oty | =0T Qeds < TGS o ez (25)
hold, where M is positive constant such that
1-c 1-c¢
<M< — 2.
a T T c(l4+a) (2:6)

holds.

Let X be the set of all continuous and bounded functions on [tp,c0) with the norm | z |=
sup>t,|z(t)|, we define a closed bounded subset 2 of X as follows:

Q={zeX:cM <z(t) <aM,t >t}
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Define an operator S : 2 — X as follows:

Sa(t) = L—c—ca(t—7) + iy S (s = )" T HP() (s — 8)) — Q(s) fa(a(s — 0)))ds ¢ 2 t1,
T Sz(t1) to <t <t

We shall show that SQ C Q. In fact, for every x € Q, and ¢ > ¢1, using (2.4) and (2.6) we get

Sa(t) =1 —c—cx(t —7) + ﬁ /too(s — )" (P(s)f1(x(s — ) — Q(s) fa(x(s — 0)))ds

1 > n—1
g1—c+m/t (s — )" (aMP(s) — LosQ(s))ds

<aM

Furthermore, in view of (2.5) and (2.6) we have

Su(t) =1 == calt =)+ gy [ (5= 0 (PO A(e(s = 6) = Qo) alals = 0)))ds
Mo & n—1
zlfcfcaMfm/t (s=t)"" " Q(s)ds

>cM
Thus, we proved that S C Q.
Now we shall show that operator S is a contraction operator on €.

In fact, for z,y € Q and ¢ > t1, we have

|Sz(t) — Sy(t)| <clz(t —7) —y(t —7)| + ﬁ /too(s = )" P(s)|fi(2(s — 0)) = fily(s — 0))lds

ot 0" Qs — 8) — faluls )l
<ot iy [ 6= 0" P + LS -
< -y

This implies that
| Sz=Syll<ofz—yl

where in view of (2.3), 6, < 1, which proves that S is a contraction operator on 2. Therefore S has
a unique fixed point z in €, which is obviously a bounded positive solution of equation (1.1). This
completes the proof of Theorem 1.

Theorem 2. Assume that 1 < ¢ < 400 and that (2.1) holds. Further, assume that there exists a
constant v > —< and a sufficiently large ¢; > to such that

P(t) 27Q(t), for t>t (2.7)

Then (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.7), there exists a ¢1, sufficiently large such that

1 1 ~ n—1
2[1 + C /HT(S —t—7)""(L1p(s) + L2Q(s))ds] < 02 <1, for t>1 (2.8)

where 602 is a constant, and
1 °° _
< m/ (s —t—7)"""(YM1P(s) — LaQ(s))ds < 1 — c 4+ eyMy, for t>t (2.9)
- s Jt4T
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#/oo(s—t—T)"_lQ(s)ds<Cil—l—l (2.10)
(n=1!Jiyr YMy o v '
holds, where M; is positive constant such that
c—1 c—1
M 2.11
< Mp < 1T ( )

holds. Let X be the set of all continuous and bounded functions on [tg, 00) with the norm || z ||=
supi>t, |z (t)], we define a closed bounded subset Q of X as follows

M
Q:{xeijlgx(t)gfthtzto}

Define an operator S : 2 — X as follows

Se(t) = L= ¢ = dalt+m) + gty [ (s =t = D" T HPG) f1(a(s — 8)) = Q(s) fa(a(s — 0))ds ¢ 2 t1,
T Sz(t1) to <t <ty

We shall show that SQ C 2 . In fact, for every x € Q, and ¢t > t1, using (2.9) and (2.11) we get

Sa(t) =1 = 2 = Galt+7)+ gy [ (= 0= (Pl = 8) = Qo) alals — o)ds

¢ t4r

1 1 °° n—
e /< =T (ML P(s) — LaQ(s))ds
<vMh

Furthermore, in view of (2.10) and (2.11) we have

Su(t) =1 — = — Lot 4 )+ — / T(s—t— 1) P fa(a(s — 6)) — Q(s) fola(s — 0)))ds

c ¢ cn—=! J, o,

1 ’}/Ml 1 o n—1
>1o -1 - MiQ(s)d
= c c c(n— 1)' /t+7—(s T) Y 1Q(S) S
M

T c
Thus, we proved that SQ C Q. Now we shall show that operator S is a contraction operator on 2.
In fact, for x,y € 2 and ¢t > t1, we have

[Sa(t) = Sy(o)] < fat+7) =yt + 1)+ oty [ (5= =1 B fials - )~ filyls — o)lds
c C(n 1) t+7

1 o ne1
+m/ﬁ (s =t=7)"""Q(s)|f2(x(s = 6)) — fa(y(s — 0))|ds

1 1 o n—1
<= - _t— _
St Gty et T ane) + LaQEeds] v |
<Oz z—yl
This implies that
| Sz —Sy[|[<62)z—yl

where in view of (2.8), 2 < 1, which proves that S is a contraction operator on 2. Therefore S has
a unique fixed point z in €, which is obviously a bounded positive solution of equation (1.1). This
completes the proof of Theorem 2.

Theorem 3. Assume that —1 < ¢ < 0 and that (2.1) holds. Further, assume that there exists a
constant S > 1 and a sufficiently large ¢1 > o such that

P(t) > BQ(t), for t>t (2.12)
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Then (1.1) has a bounded nonoscillatory solution.

Proof. By (2.1) and (2.12) , there exists a t; sufficiently large such that

—c+ ﬁ /too(s — )" Y (Lap(s) + LaQ(s))dsdu < 03 < 1, for t >t (2.13)
where 03 is a constant, and
0< ﬁ /too(s — )" Y (BM2P(s) — L2Q(s))dsdu < (c+1)(BM2 — 1), for t >t (2.14)
hold, and
ﬁ /too(s — ) Q(s)ds < “*C;(—AZM"’) (2.15)
where M5 is positive constant such that
1 < M; <1 (2.16)

B

holds. Let X be the set of all continuous and bounded functions on [tg,c0) with the norm || z ||=
supi>to|z(t)|, we define a closed bounded subset © of X as follows

QZ{.%GX:MQSZL‘(t)SﬂMQ,tZto}
Define an operator S : 2 — X as follows

Su(t) = Lte—cx(t—7) + grtgyr S (s = )" T HP() f1(2(s = 8)) = Q(s)f2(w(s — 0)))ds ¢ > 11,
T S=z(t1) to <t < t31.

We shall show that SQ C Q . In fact, for every x € Q, and ¢ > t1, using (2.12) and (2.14) we get

ﬁ /too(s — )" Y (P(s) fr(z(s — 6)) — Q(s) fa((s — 0)))ds

1 oo n—1
§1+c—cﬁM2+m/t (s — )" (BMaP(s) — L>Q(s))ds

<l+4+c—cBMz+ (c+1)(BM2 —1)
:ﬁMz

Sz(t)=14+c—cx(t—7)+

Furthermore, in view of (2.15) we have

1
(n—1)!
oy -0 MU
21+C—CM2 — (1+C)(1—M2)

:M2

Sa(t) =1+ ¢ — calt — ) + / T (s 0" (P(s) fi (s — 8)) — Q(5) falals — 0)))ds

>14+c¢c—cMs —

Thus, we proved that SQ C Q. Now we shall show that operator S is a contraction operator on 2.
In fact, for z,y € Q and ¢ > t1, we have
|Sz(t) — Sy(t)| < — clz(t —7) —y(t —7)[ +

o |0 R e — o) — (s — o)las

1

oty [ =0 Qs — 9) — aluls — D)

<[ect — ; / (s — "N (Lapls) + L2Q(s))ds] || = — |

(n—1
<Os ||z —yl
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This implies that
| Sz =Sy l|<bs|z—yl

where in view of (2.13), 03 < 1, which proves that S is a contraction operator on 2. Therefore S
has a unique fixed point z in 2, which is obviously a bounded positive solution of equation (1.1).
This completes the proof of Theorem 3.

Theorem 4. Assume that —oco < ¢ < —1 and that (2.1) holds. Further, assume that there exists
a constant A > 1 and a sufficiently large ¢1 > to such that

P(t) > hQ(t), for t>t (2.17)
Then (1.1) has a bounded nonoscillatory solution.
Proof : The proof is similar to Theorem 2, we omitted.
By Theorems 1-4, we have the following result

Corollary 1 . Assume that ¢ € R,c # +1 and

/ s" 1P (s)ds < oco.

to
then the neutral differential equation
d" n
S lo(0) + eat = )]+ (C)" P fi (et~ o) =0, £2 10 (2.18)

has a bounded nonoscillatory solution.

3 Conclusion
In this paper, we have introuduced existence of nonoscillatory solutions of differential equations of

(1.1), the obtained results are easily applicable. If ¢ = 1 or ¢ = —1, we can study existence of
nonoscillatory solutions of differential equations of (1.1) in the future work.
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