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Abstract

In this paper, we use a surprised system to construct some exact solutions of compressible Euler
equations with two and three dimension. Furthermore, we also give other exact solutions of three
dimension incompressible Euler equations.
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1 Introduction

In this paper, we are concerned with the exact solution to 2 and 3 dimension compressible Euler
equations

Op + div(pu) =0

O (pa) + div(pa ® @) + VP(p) =0 (1.1)

i|t=0 = o, plt=0 = po
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where (t,z) € Rt x R",n = 2,3, and & € R", p, P stand for the velocity, density,pressure of
gases respectively. If (p, @) € C' is a solution of the above systems with p # 0, then it admits the
following equivalent form

Op + div(pu) =0

ou+a-Vu+Vp(p)=0 (1.2)

i|t=0 = o, plt=0 = po
The Euler equations are a very important model in fluid mechanics, which have been wide used
in many areas. In the mathematical theory, there are much work, such as the local solution’s
existence. However, about the system, there are still difficult problems unsolved. For example, the

global existence is opened. In the history researching the Euler equations (1.1), scholars prefer to
demonstrate the polytropic gases, namely

P=kp",k>0~v>1.

Under the case, we can get great deal of results by search tools, but in some ways, the local
existence is still opened. Whatever the pressure is, the significance consequence is little. In
order to obtain valuable result, constructing their explicit solutions is a very significance part
in mathematical physics. Exact solutions can provide the concrete examples to understand their
nonlinear phenomena and physical applications. In addition, there some works about the exact
solutions of (1.2), such as [1, 2, 3, 4]. In [5], K.L. Cheun gave some blow-up solutions. In our paper,
we also give some blow-up exact solutions by choosing suitable parametric functions. And Blake in
[6] gave periodic structure’s solutions. The same solution in our work, is given. Moreover, people
also consider other solution with befitting conditions, for example [7, 8].

We don’t directly study (1.1) or (1.2), but demonstrate the surprising systems

Ordivu + uVdivu = e(divu)? + f(t)
ou+u-Vu+Vp=0 (1.3)

ult=0 = uo, divu|i=0 = divug

where f(t) is a function depending only on time ¢, and ¢ = £1. Using the above equations’s
solutions, we can construct the solutions belonging to (1.2), and at same time, we also give some
exact solutions of the 3 dimension incompressible Euler quations

O+ -Vi+Vp=0
divii = 0 (1.4)

U|¢=0 = To

In fact, when e = —1 and f(t) = 0, if u,p is a solution of (1.3) with divu € C*, then by the the
inverse function theorem, we have p(u) = p o (div) ™' (divu) = p(divu). That is,

@ =u,p=divu,p =po (div) " (1.5)
is a solution of (1.2). While, € = 1, (1.4) have a family solutions likely

o . s 1

u(t, &) = (u, Znyrdivu), p(t, ) = p(t, x) + imiﬂf(t) (1.6)

So0,(1.3) is a magical system.

In this paper, we considerate (1.3) with 2 and 3 dimension under cylindrical coordinate. Since 2
dimension cylindrical coordinate is contained in the 3 dimension, so we state to study (1.3) with 3
dimension. We demonstrate the axisymmetric solution

u(t,r,z) =u"(t,r 2)é + u? (t,r,2)€ +u(t,r, 2)e- (1.7)
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with
T

. Yy L Yy T o oL /
eT:(;7;70)769:(_;7;70)7622(07071)7T: 1”%"'1:%
Then,by calculating, we get the facts that
T 1 6 z
uw-V=u0+-u 0p +u°0,,
r
and
. 1 r T z
divu = —u’ + u, + u;
r
Thus, we can reduce the axisymmetric equations
(Fu” +up +ul)e +u” (Fu” +up 4 ul)e + o (Fu” +up +ul). = e(bu” g 4 ul)? + ()
up +u"uy — %(ug)Q-l—uqu-i—pr =0 (1.8)
wd +umul + %urue +uul =0 ’
ui +u"up +uul+p. =0

In the following, we apply (1.8) to construct some exact solutions of Euler equations.

2 The Exact Solutions for n = 2

Under the case, (1.7) and (1.8) respectively becomes
u(t,r) = u"(t,r)ér +u’(t,r)é (2.1)
with & = (£,%),é, = (=%, %), and
(Fu" +up)e +u” (2u” +up), = e(Fu” 4+ up)® + £(t)
uf +uuy = (W) +pr =0 22)

wd +umul + %uru‘9 =0

Based on the above system, we know that once we have the expression of u", we right now use the
characteristics’ method to give exact expression of v’ depending on the equation

ul +u"ul + 1urue =0 (2.3)
r

and also have

p:/l(ue)er—/u:dr— %(ur)2 (2.4)

r
Thus, we employ the first equation in (2.2) to give some exactly type of u”.
Write
1 T s
n=-u + Uy
T
Then, by ODE theorem we have
t 1
u’ = elt) + = / rndr
r r

Applying the expression and the first equation in (2.2), we get

ne + (efft) + % /mdr)nr =en’+ f(t)
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Let
77(757 T) = w(t7 Z)7 = T27

then, we obtain
we + (2e(t) + /wdz)wz =ew’ + f(1).
Against, writing

& =2e(t) + /wdz,
then, in the end, we think about the problem
Eot + €622 = €62 + [(2) (2.5)
We learn the case € = 1. We build up the type solution
£(t,2) = 0(t) + zm(t) + p(t)e™ O + q(t)e” )

After computing, we get

E(t,z) = 0(t) + zm(t) + aexp (/ 3m(t) — O(t)k(t)dt + zk(t)) + Bexp (/ 3m(t) + 6(¢)k(t)dt — zk(t))
and

f(t) = 4afBs” exp (4/W(t)dt) +g(t,m),a,B,s €R,

with k(t) = sexp(— [ w(t)dt), where 7 (¢) satisfies the ODE:
' =nr? +g(t7 ﬂ-)ag(tv 0) =0.

If 7 = 0, then f(t) = 4aBs®. Thanks to the arbitrary of a, 8, s, we require that f(t) is arbitrary
real number. Thus, we have

u(t,r) = @ + mz(t) + 20‘7 exp ( / 3m(t) — O(D)k(t)dt + r2k(t))

+ 2’% exp (/ 3m(t) + 0(t)k(t)dt — Tzk(t)>

At the same time, we also have periodic solution £(¢, z) due to 6(¢), namely that
&(t,z) = 0(t) + kcos(az — a/@(t)dt + B) + ksin(az — a/@(t)dt +5)
where f(t) = —2a%k? a, 8,k € R. At once, we get other type

u"(t,7) = @ + %sm (ar2 — a/@(t)dt + 8+ g)

what is more, if £(¢, ) is a solution, then the function
NN A

is also a solution with A, a,b € R — {0} and X\2*T2°£(¢).
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When e = —1 and f(t) =0, (2.5) reduces

{gt + &€ = h(t)
5(07 Z) = g(Z)

We use characteristics of the method to build solution. Hence, we have

(2.6)

6@@25@mﬁw@®+éhwwf

t pt
z =20 +tg(20) + / / h(t"Yat"at'
0 0

Choosing suitable g(zo),s0 that G(z0) = 20 + tg(20) € C*, then we have

£(t2) =g (G_l(z _ /0 t /0 ’ h(t”)dt"dt’)) + /0 Ch( e

then by the above conversions, we get

e e ¢")dt" dt')
s [ [ ne

No matter what € is, we both have exact solution u". Next, we use the solutions to solve u’ and

p. It is obvious that uf = 2 with a € R is a solution of (2.4) no matter how u" is complex. In

addition, we study the relatively difficult solution for u®. Let u'(t,r) = d)(t) + wt)r then using
characteristics’ method, we get

where zp meets

_ - _ Lot | w(t)
u?(t,r) = @ (t,70) = o(ro) exp <f L 2(0) + 5 dt) (2.7)

2(t):ﬂ«Oce;cI)(/w dt>+exp</¢ dt)/ exp< /w dt>

1
2
and 9 (t) satisfies the ODE

with

W = e’ + (1)

Warning. It is careful to get the expression of u® (t,r). We must first deal with integration, than
replace the rq by ro(t,7).

Therefore, applying the above results, we have the following consequence.

Theorem 2.1. Let «, 3,7, § be constants, r = \/x2 + y2, k(t) = yexp(— [ m(t)dt), and the function
m(t) satisfies the ODE

' =nr? +g(t7 W)ag(t70) =0.

Then, three dimension incompressible Euler equations (1.4) has a class of exact solutions

1 1) 1
it,w,y,2) = [ e - 2 Lt 2 (G ) (2:8)
v x? +y? 2ty a2 4y r°+y r
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where
Wt ) = @ + ”2(“ + 20‘7 exp (/ 3n(t) — O()k(t)dt + r2k(t)>
+ 2 exp (/ 3(t) + O(6)k(t)dt — r2k(t))
f(t) = 4aB~” exp (4/71‘(t)dt> + g(t,m)
or
u(t,r) = @ + \27 sin (ar2 - a/G(t)dt +B+ %) f(t) = —2a%9°

for any functions e(t) and 0(t). In addition, it also has other kinds of exact solutions

u(t,x,y,z) = ( z¢(t) + ap(t) _ Y u? yo(t) + yP(t) i x

0
—z(t 2.9
x? + y? 2 /22 +y2 a2+ y? 2 /2 +y2u » =29 )> (2.9)

P / L wfy2dr — ¢/ (#)nr — %//(t)r? _ %(@ n @r)2 + %z%// —¢?) (2.10)

T T

here u’ satisfies (2.7), for any functions ¢(t) and (t).

Remark 2.2. About the exact solution of (1.4), there are many works,likely [9, 10, 11, 12]. In this
paper, we have a great improvement than [10]. In [10], the constructed solutions are

2 2
- 1 1—e " 0 . e ar
v =—|——],u =0,u” =—
2ar t()—t to—t
with a > 0, or

ro_ 1 5(1 — e_a(1+ﬂt)7‘2) 0o _ . 1 §e—a(l+ﬁt)'r2
T <_’8T+ a4 B0L=G-p0 )" =0 T iem \P T 1o G-y

with 8 > 0. In our first solutions, we can get the above solutions by choosing suitable parametric
functions and constants. Choosing suitable parametric functions, we can get different solutions.
But the energy is not finite.

Under the case two dimension compressible Euler equations, we let f(t) =0 and £ = —1, then
1
t) = ——

Hence, using the above analyse, we also have the following result.

Theorem 2.3. Two dimension compressible Euler equations (1.2) has a sires of exact solutions

it . T r ay y ry azx
’U/(7m7y)_ /71’2+y2u _x2+y2’ ,7x2+y2u £E2+y2 ’
062 T 1 \2
p(t2,y) = —55 — [ updr — 5 (u’) (2.11)
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with

u(t,r) = @ + ziTg (G%ﬁ - /0/0 h(t”)dt”dt')) .

What is more, we also have other terms of solutions

_ [ =zo(t) x y 0 yo(t) y x 0
a(t,z,y) = <x2+y2 it VR tourp N > , (212)

p= / %(ug)zdr —¢'(t)Inr + 4(;;75)2 - %(@ + ﬁf (2.13)

with that u? meets (2.7) and 1(t) = ﬁ

3 The Exact Solutions for n = 3

In this section, we mainly consider the compressible Euler equations with n = 3. And, we give two
class of especial solutions using the system (1.4).
3.1 The first class solutions
Let
u = u;(ﬁ t)7 UQ = u?(r, t): u® = u’lz(f"? t)7p =D (7”, t) (31)
then we obtain the one-parameter model
(Guf +afn)e +uf (Gul +uln)r + (Fuf +uf,)? =0
ufy + uiul, — 2(ud)® +pi =0
uy + uiud, + tuiuf =0
ui; +utui, =0
Write
1 T s
=t + U1

Then, by ODE theorem we have
1
u'{ = it) + ; /rndr

T

Applying the expression and (3.2), we get

t 1
77t+(£+*/7”7]d7")77r+772 =0
T r
Let
2

n(t,r) =w(t,z),z=r

we obtain

we + (2e(t) + /wdz)wz +w? =0
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Writing
& =2e(t) + /wdz7

then, in the end, we think about the problem
gzt +£§zz +£3 =0

By this equation, we get

{ét +&6- = h(t) (3.3)
€(0,2) = g(2)

We use characteristics of the method to build solution. Hence, we have

£(t,2) = E(t.20) = ale0) + [ Ch(tyar

where zg meets

t pt
z =20 +tg(20) + / / h(t"Yat"at'
0 0

Choosing suitable g(zo) so that G(z0) = 20 + tg(20) € C*, then we have

Et,z)=g (Gl(z - /Ot /Ot, h(t")dt"dt')> + /Oth(t’)dt’

then by the above conversions, we get

uwﬂthéﬂ@*w—ﬁﬁhwm%»

Choosing suitable h(t), g(z0), we gain the solution uj. It is obvious that for any constant 8, ui = 8
is a solution of the last equation in (3.2) and u{ = 2 is also a solution of the third equation in (3.2),
whatever u} is. Moreover, we can check the claim that

~  ct) r

Ul = =2+

! r 2(t+ B)
satisfies the first equation in (3.2). Due to the characteristics’the method, we obtain the solution
uf and u?. For u?, we have

. B o [ )
uy = v \/t—&—ﬂr 2,8/0 t’+ﬂdt

As for v, using the third equation and against the characteristics of the method, we get the result
that the solution of the system

{&+%ﬂﬁi%ﬁ—0
ui(0,7) =1p(r)

has the solutions

u(f(t,r) = ﬂ?(t,ro) = (1) exp (—/0 % + ﬁdﬂ) (3.4)

33



Li et al.; JAMCS, 35(7): 26-87, 2020; Article no.JAMCS.60738

with

17,2 _t+57n2 ¢ C(t/) /
500 = e p) [

According to these works, we get the following results.

Theorem 3.1. Let «, 8 be constants meeting a # 0, 8 # 0. Then the three dimension compressible
Euler equations (1.2) has a class of exact solutions

(3.5)

a(t,z,y,2) = < M— Y U4 L Ié;
y Ly Yy /7m2+y2 1 $2+y2’ /7$2+y2 :r2+y27 )

2
_ T « 1 s 1 T T
p(t7m7y7z) = /7ultdr - 27,2 - i(ul)2ap(t7x7y7 Z) = ;ul +ulr

with

ui(t,r) = @ + %g (Gl(r2 7/0 /O h(t”)dt”dt’))

Here, the function G(s) = tg(s) + s is any invertible function. Moreover, it also has other exact

solutions

_ [ xe(t) x _ Y o yc(t) Yy x 0 =

u(t,z,y,2) = <w2+y2 + 3+ B \/WM, 22y + 20+ B) + \/muum (3.6)
2

5 _ o L, /192 _ b

where,

. B o [ )
uy = v \/t—&—ﬂr 2,8/0 t’+ﬂdt

and uf satisfies (3.4).

3.2 The second kind solutions
We consider the type solution

" =uh(t,r),u’ = ud(t, ), v = ui(t, 2),p = qu(t,r) + qa(t, 2)
Then, we have the equations

1 1 1 2 1 2
(Fup +uj)t +1u§zet ; up(puy +up)r +udud, . + (fup +up)” +2(puy +up)ui, + (ui,)” =0
uby +ubub, — L(u$)? + g1, =0 3.8)
ud, + ubul, + Tubuf =0
u3, +uiui, +q2. =0

Let

1,
~u2 +uz, = ¢(t)
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then, we have

» c(t 1
up =4 Lo (39)
and the reduced system
¢ +¢*=0
u;zt + ué“ézz + 2u§z¢(t) + (uéz)Q = 0
Uy + USUG, — %(Ug)Q +qir-=0 (3.10)

u$y + ubul, + Tusuf =0
USt + u;“éz + q2: = 0
By the first equation in (3.10), we get

1 Tﬁ@ r
S "™ T T2+ p (3.11)

Using the second equation, we know that

o(t)

0. (uby + usus. + 2u36(t)) = udse + u3us.. + 2u5.6(t) + (u3.)? = 0
Combining with last equation, we have
Uy +usuz, = —2u3¢(t) + h(t)
with
G2z = 2u5¢(t) — h(t)
Employing the characteristics of the method, we know

W3t 2) = @ (t, 20) = Zf;;g +5 . - / (' + ARt )t

Here 2o satisfies

smaa- BTG [T [ s ar
0 0

2t +B) '+
Choosing suitable function 7(z) is so that the function
B (z0)
M(z0) := 20 — 07—~
o)== 51 9)

belongs to C*. Thus, we have

z __ /62 T -1 7 — ¢ 1 ¢ " 2 " " 347 1 ¢ ! 2 / /
=g < | e | @ o dt>>+(t+ﬁ)2/o<t +B)h(E e

At the same time, we also get

2
@:ﬁﬁ/@m—mm

Transacting u) is same as dealing with w¢. Thus, we have that

us(t,r) = @5(t,mo) = ¢(ro) exp <—/0 TCQ(Z,)) + ﬁdﬂ) (3.12)
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with

17,2 _ t+57”2 ¢ C(t/) ’
500 = e p) [

Now, due to the expression of u} and u3 and the third equation, the pressure ¢ is solved by
1 - 1, .
o= [ Ly [ )
r 2
Therefore, we have the following consequence.

Theorem 3.2. Let f € R and r = /2?2 + y2. And assume that the functions 7(s) satisfies the
restrictions

/8271'(8) 1
s)y=s— ——~4€C
O =" 5 1p)
Then, the three dimension compressible Euler equations (1.2) has a class of exact solutions
_ xc(t) x y o yc(t) Yy T 0 =
u(t,x,y,z) = + — u, + + U, U 3.13
( Yy ) <$2 + y2 2(t + ﬁ) /xQ +y2 x2 + y2 Q(t + 6) /7x2 T y2 2 ( )
1. 6.2 , r? 1,¢(¢) T 9 2 / P
t =/ - dr—c(t)1 —_— — - (—F dz — zh(t
o) = [ L= O+ s = 5 oty g [ uide =)
(t,z,y,2) = . + u3
P\, T, Y, t+ﬁ 2z
Here,

z __ ﬁ2 - -1 ”— i 1 v " 2 " "oyl 1 ! / 2 / /
2= G (II ( /0 7(,“5)2/0 (t" + B)"h(t")dt dt>)+(t+ﬂ)2/0(t + B8)*h(t)dt

and uf meets (3.12).

Remark 3.2.2. The two or three dimension compressible Euler equations’s exact solutions in this
paper, depend on the first order equation:

{“t tue = f (3.14)

u(0,z) = w(x)

If w(z) is Riemann’s data, then the above equation has shock wave. Therefore, the two or three
dimension compressible Euler equations has shock wave.

4 Conclusions

In this work, we utilize the system (1.3) to build up some exact solutions of the 2-dimensional
and 3-dimensional compressible Euler equations. At the same time, we give some exact solutions
for 3-dimensional incompressible Euler equations. However, the constructed exact solutions of
incompressible system are infinite energetic, and simultaneously the blow-up solutions are also
obtained via choosing certain proper variable functions.
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