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ABSTRACT

We find that the minimum length, combined with

Loop Quantum Gravity (LQG) is a formalism for describing the quantum mechanics of the
gravitational field based on the canonical quantization of General Relativity (GR). The most
important result of LQG is that geometric quantities such as area and volume are not arbitrary
but are quantized in terms of a minimum length.
combining the notion of a minimum length with the basic equations that describe wave propagation.

natural spectrum for the energy of a gravitational wave.

In this paper we investigate the possibility of

the constancy of the speed of light, induces a

Keywords: Constrained Hamiltonian systems; electrodynamics; general relativity; quantum gravity.
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With the detection of gravitational waves in
2015 no more room was left for doubts
about the validity of General Relativity (GR)
as the fundamental theory for the gravitational

INTRODUCTION

*Corresponding author: E-mail: wfilho@ufs.br;

interaction. The detection of gravitational waves
also confirms the point of view that has been
advocated by some authors [1,2,3] that the
theory describing the quantum mechanics of the
gravitational interaction should be based on the
quantization of GR.
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GR is based on the invariance of the theory under
space-time diffeomorphisms. As a consequence
of this invariance, in GR the space and time
coordinates have no intrinsic physical meaning.
Physical predictions of GR are independent of
these coordinates. Only predictions based on
relations between observable quantities have a
physical meaning in GR.

Today our mathematical description of
gravitational waves propagating in space-time is
only approximated and involves the assumption
that the gravitational field is weak. Under this
assumption GR can be turned into a linear
theory by expanding the curved space-time
metric g, (z) around the flat Minkowski metric
Nuw according to

guu(x) = Nuv + h;tu(i) (1)

where h,,(z) is a small deviation from the flat
metric. In the description of the propagation
of gravitational waves in the linear theory a
necessary step is to impose gauge conditions
that eliminate the unphysical degrees of freedom
of the theory. In ref. [4] the gravitational
analogue of the Coulomb, or radiation gauge,
is used to eliminate the unphysical degrees
of freedom contained in the perturbation
hu(z). Some authors prefer to denote the
gravitational analogue of the Coulomb gauge
as the transverse-traceless gauge [5,6]. In
Electrodynamics in flat space-time the Coulomb
gauge is given by 0°A, = 0, where a = 1,2, 3,
0“ is the ordinary partial derivative associated to
the Minkowski metric n,, and A, is the vector
potential. In Electrodynamics in a curved space-
time with metric g,.(z) the Coulomb gauge is
given by D*A, = 0, where D® is the covariant
derivative associated to the metric g,.. (x).

The most developed formalism for describing
the quantum mechanics of the gravitational
field based on GR is called Loop Quantum
Gravity (LQG). LQG is based on the canonical
quantization of GR using a connection formalism
[7] that can be constructed after the Arnowitt,
Deser and Misner (ADM) [8] splitting of space-
time into space and time is performed. Although
the original construction of LQG only works in
space-time dimension d = 4, the formalism

has now been extended to an arbitrary number
of space-time dimensions [9,10,11,12]. The
most important result of LQG is that geometric
quantities, such as area and volume, cannot have
arbitrary values in a gravitational field. Instead,
areas and volumes are quantized in terms of a
minimum length [1,3]

lo = \/%LP (2)

where v is the Immirzi parameter [13], a small
constant that fixes the precise scale of the
quantum theory, and Lp = 1,62 x 10 3%m is
the Planck length. The eigenvalues of the area
operator, for instance, are given in terms of this
minimum length by [1,3]

A; =105:\/5i (i + 1) (3)

where j; = ,1,..are the spins of the
corresponding link.  The eigenvalues of the
volume operator are also given in terms of the
minimum length o.

In ref. [14] it was shown that, by using a
Hamiltonian duality transformation in the phase
space of LQG, it is possible to construct a
classical first-order formalism which yields a
quantum theory that can be interpreted as
LQG in the momentum representation. One
interesting feature of this classical formalism
is that it has an SU(2) and diffeomorphism
invariant generalization of the Coulomb gauge
of Electrodynamics in flat space as one of
its basic equations. SU(2) is the special
unitary group, consisting of the symmetry
transformations generated by complex 2 x 2
matrices that have determinant equal to 1.
In addition, in the transition to the quantum
theory, the generalized Coulomb gauge becomes
a restriction on the wave functionals of the
theory in the momentum representation. These
features can be interpreted as suggesting that
gravitational waves can propagate in gravitational
fields which are not weak. This suggestion has
been confirmed in modern treatments of GR
using numerical simulations. For a discussion
of strong sources of gravitational waves see ref.
[5].

Based on the features mentioned above, it
becomes interesting to investigate if there is any
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possibility of combining the prediction of LQG
about the existence of a minimum length with
the propagation of gravitational waves in strong
gravitational fields, despite the fact that presently
we have only numerical simulations indicating
the existence of such waves. In this paper we
present an initial step in the direction of this
investigation. For physical reasons we select a
particular value of the Immirzi parameter v. The
minimum eigenvalue of the area operator occurs
for j = 1 and is given by

Amin = 4V37yL% (4)

We choose v = (4v/37)~" which gives Amin =
L%. Therefore in this paper the minimum length
that defines all physically possible areas and
volumes in a gravitational field is the Planck
length Lp.

This paper is organized as follows. After this first
section of introduction, in section two we review
the Hamiltonian formalism for Electrodynamics
as a constrained system. We point out in
this section that there are only two physical
degrees of freedom in the configuration variable
for Electrodynamics. We also point out that
imposing the Lorentz gauge condition on the
configuration variable does not eliminate the
unphysical degrees of freedom and that the
correct gauge condition is the Coulomb gauge.
In section three we consider the basic classical
and quantum equations for two complementary
descriptions of quantum gravity. In this section
we point out that the basic equations of GR in
the Hamiltonian formalism automatically reduce
the number of physical degrees of freedom in the
configuration variable to two, the same number
as in Electrodynamics. We also show how
a generalized quantum version of the Coulomb
gauge appears in quantum gravity. In section four
we review the Planck scale. We think this revision
is necessary in order to make the calculation
in section five clear. In section five, using the
ideas of the previous sections, we show how we
can obtain an energy spectrum for a gravitational
wave which propagates in a gravitational field
defined on a space with a minimum length.
Concluding remarks appear in section six.

26

2 ELECTRODYNAMICS AS A
CONSTRAINED SYSTEM

Before considering the Hamiltonian formalism for
GR, it is instructive to consider the Hamiltonian

formalism for Maxwell’'s Electrodynamics.
We reproduce here, with some notational
modifications for clarity, the treatment of

Electrodynamics as a constrained Hamiltonian
system, first presented by Dirac [15]. The
Lagrangian, in Heaviside units, is written as

1
L=-7 /FWF’“’de (5)

where

F,, =0,A, —0,A, (6)
is the anti-symmetric tensor that describes the
electromagnetic field and A,(x) = A.(t, %),
w = 0,1,2, 3 is the four-vector potential, treated

here as the dynamic configuration variable of the
system.

In order to make the transition to the Hamiltonian
formalism we must define the canonical
momentum conjugate to the configuration
variable A, (z). Varying the velocity % =A,in
the Lagrangian (5) we obtain

1
5L=—3 / F"§F,,d*

= / F'5A,d°x

= / E*SA,dx @)
The canonical momentum is then given by
E*(x) = F"(x)
Now F*¥ is anti-symmetric
FHY — _ vk
and so if we set 1 = 0 in Equation (8) we obtain
E%z)=0 9)

This is a primary constraint [15]. The other
three components E£“(z), a = 1,2,3 are the
components of the electric field vector E(x).

(8)

Now we can compute the Hamiltonian H

H= /E“Aud?’m —L

C 1 1
- /(F“OAa + ZF”bFab + iF“OFao)d3a:
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— /(ipabFab - %F“OFQO + P9, Ao)d*x
_ /(iF“bFab + %E“Ea — Avd.EY)dz (10)

where an integration by parts was performed on
the last term in the third line [15]. Now we
must require the dynamic stability of the primary
constraint (9). That is, we must require that

(E'(@), H} = 0 (1)

where { , } denotes the Poisson bracket on the
phase space (A,, E*). Condition (11) can only
be satisfied if

0.E* =0 (12)
Equation (12) is a secondary constraint [15]. It is
the Gauss law for the electric field in the absence
of electric charges.

Constraints (9) and (12) have vanishing Poisson
brackets with themselves and with each other
and are therefore first-class constraints [15]. The
total Hamiltonian for Maxwell’s Electrodynamics
can be written as [15]

Hr = /(%FabFab + %EaEa)d3$

—/AgaaE“dB:c-i—/)\EodSm (13)
where A(t,z) is a Lagrange multiplier for the
constraint E° = 0.

At this point we have four components for the
vector potential and two first-class constraints.
This means that we have only two physical
degrees of freedom in the configuration variable.
As we will see in the next section, this is the same
number of physical degrees of freedom in the
configuration variable for GR. This similarity in the
number of physical degrees of freedom between
the Hamiltonian formalisms for Electrodynamics
and GR will be used later to support the ideas
contained in section five.

The Hamilton equation of motion for Aq gives
AO = {AO’ HT} = )\(t,fb)

and we see that the time evolution of Ay
is completely arbitrary and therefore it is an
unphysical variable. Furthermore, if we try to
impose the Lorentz gauge condition

B A" =0

27

on the vector potential we get

Ay — 0, A" =0 — 8,4 = \(t,x)

and we must conclude that the Lorentz gauge
condition is not able to eliminate the remaining
unphysical degree of freedom in the configuration
variable. The correct gauge condition is therefore
the Coulomb, or radiation gauge,

0,A“ =0 (14)
In the next section we will see that a generalized
version of the Coulomb gauge appears in
quantum gravity as an operator equation on
wave functionals. This will be interpreted as an
evidence that gravitational waves also propagate
in strong gravitational fields.

3 QUANTUM GRAVITY

After the ADM [8] splitting is performed, and the
Ashtekar’s [7] connection variables A (z) are
introduced, GR can be cast as a constrained
Hamiltonian system with first-class constraints. In
this framework GR is described by the first-order
action [1,3]

1
8miG

S =

/d4:c(EfAi—/\iDaEf—A”F;bEE'—AF;iEfE;’)

(15)

Here Ef(z) is the canonical momentum

conjugated to the connection variable Aj(z),

i,7 = 1,2,3 are internal SU(2) indices and a,b =

1,2, 3 are space indices.

DV' =8,V + i, ALV* (16)

Equation (16) defines the covariant derivative

on the tangent space of a three dimensional
manifold ¥ without boundaries,

b = 0a Ay — DAL + LA (17)
and F,j = ¢/ F},. The equations of motion for
the Lagrangre multipliers A", \* and A\ give the
first-class constraints

D.E! =0 (18)

FLEP =0 (19)
FYEME! =0 (20)

Constraint (18) is an SU(2) and diffeomorphism
invariant generalization of the Gauss law
constraint (12) we found in the Hamiltonian
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formalism for Electrodynamics. It generates
internal SU(2) gauge transformations in the
curved space. Constraint (19) generates space
diffeomorphisms and constraint (20) is the
Hamiltonian constraint. There are nine degrees
of freedom in the configuration variable A% but
there are seven first-class constraints. Therefore
there are only two physical degrees of freedom
in the configuration variable. As we saw in the
previous section, this is the same number of
physical degrees of freedom in the configuration
variable for Electrodynamics. As we mentioned
in the previous section, this similarity between
Electrodynamics and GR in the Hamiltonian
formalism will be used later to support the ideas
in section five.

The transition to LQG is performed by promoting
the canonical momenta E} to quantum operators
Ef = —ih& which act on configuration space
wave functionals ¥(A). The constraints (18), (19)
and (20) then become the quantum equations

1)

Da—(SAE\I/(A) =0 (21)
g i\p(A) =0 (22)
ab 514’;7

i 0 0

1] —

ab 5Ala 614{7 (A) 0 (23)

Equations (21), (22) and (23) are the basic
equations of LQG [1,3]. When these equations
are valid the space has a minimum length Lp (for
our choice of the Immirzi parameter ~).

Action (15) has a formal dual action that can be
interpreted as describing the classical limit of a
momentum space formulation of quantum gravity.
This formal dual action is written as [14]

1

S =
8miG .

(24)
where now
DV =9V + TV ESV; (25)
defines the covariant derivative on the cotangent
space of %,

Ff* =0"F) — "B + €*ESE,  (26)

and FY* = €;;.F¢". The equations of motion for
the Lagrange multipliers \;, A\, and A now give
the constraints

D*AL =0 (27)

/ d*a(— AL Bf — A D AL — X, B AL AFEP AL A])

28

FPAL =0 (28)

EfPALA] =0 (29)
Constraint (27) is a generalization of the
Coulomb gauge (14) for Electrodynamics. While
in the weak gravitational field limit of GR a
considerable amount of work is required to
reach the analogous of the Coulomb gauge (a
necessary step to describe physical gravitational
waves [4]) here we have a formal dual version
of GR in which a generalized Coulomb gauge
is one of its basic equations. Since the
weak gravitational field limit was not required
to arrive at constraint (27) we interpret this
as an evidence that gravitational waves also
propagate in gravitational fields which are not
weak. As we mentioned in the introduction,
this interpretation has already been confirmed
in modern treatments of GR [5].

Now the transition to the quantum theory is
performed by promoting the connection variables
A}, to quantum operators A;, = mé% which act
on momentum space wave functionals ¥(E). The
constraints (27), (28) and (29) then become the

quantum equations

) B
D" 5 ¥(E) =0 (30)
2 w(m) =0 (31)
" SED

0% ymy—o (32)

U 5B SEY

The quantum Equations (30), (31) and (32) can
be interpreted as defining LQG in the momentum
representation [14].

The quantum Equations (21), (22) and (23) in the
configuration space and the quantum Equations
(30), (31) and (32) in the momentum space
are complementary and can be assumed to be
simultaneously valid. When this is done, they
open the possibility that gravitational waves can
propagate in a gravitational field which is not
weak and which is defined on a space with a
minimum length.
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4 THE PLANCK SCALE

In this section we review the Planck scale [16].
This is a necessary step in order to clarify the
calculations to be presented in the next section.
We start by considering the three fundamental
constants of physics:

1) the speed of light in empty space
c=2,998 x 10°m/s
2) Newton’s gravitational constant
G=6,67Tx10""Nm?Kg?

3) Planck’s constant

Rt
2
In 1899 Planck [16] noticed that by combining
these fundamental constants in a unique way he
could define a fundamental scale of time, length
and mass. Today this fundamental scale is called
the Planck scale [17]. It is given by

1,055 x 107 3* J.s

1) the Planck time

Tp = \/r:;? =5,40 x 107 *s (33)
2) the Planck length

Lp = \/zi? =1,62x 10 %m (34)
3) the Planck mass

Mp = 'lGC =2,17x 10" g (35)

Notice that the Planck length is the distance that
light travels during the Planck time. Therefore
the existence of a minimum length Lp, together
with the constancy of the speed of light ¢,
automatically leads to the existence of the Planck
time Tp.

5 GRAVITATIONAL WAVES
AND QUANTUM GRAVITY

As we saw in section three, combining the basic
equations of quantum gravity in the configuration

29

and in the momentum representation opens the
possibility that gravitational waves can propagate
in gravitational fields which are not weak and
which are defined on spaces with a minimum
length equal to the Planck length. Since at
present time we have only an approximated
description of gravitational waves, which is valid
when the gravitational field is weak and the theory
can be linearized, it is impossible to investigate
here the detailed properties of a gravitational
wave in the nonlinear theory. In the strong-
gravity domain, reliable calculations are possible
only through complex numerical simulations [5].
Nevertheless, those simulations show that many
of the features that have been inferred about
gravitational waves in the linear regime survive in
some form in the nonlinear strong-gravity regime
[5]. For this reason we think it may be possible
to guess some simple physical assumptions
about strong-gravity gravitational waves based on
the behavior of weak-gravity gravitational waves,
while at the same time incorporating the minimum
length predicted by LQG. A plane wave, for
instance, must have a well defined wavelength
A. We may then expect that the wavelength of a
gravitational wave propagating in a space with a
minimum length L p should be an integer multiple
of Lp, thatis

An =nLp n=12.. (36)

A plane wave must also have a well defined
period P. As we saw in section four, the
existence of a minimum length L combined with
the constancy of the speed of light leads to the
existence of the Planck time T'», which is the time
necessary for light to travel the distance Lp. We
may then expect that the period of a gravitational
wave propagating in a space with a minimum
length Lp should be an integer multiple of Tp,
that is

P, =nTp n=12,.. (37)

Equations (36) and (37) should be looked at
with some care. This is because, as we
mentioned in the introduction, as a consequence
of diffeomorphism invariance, space and time
coordinates have no intrinsic physical meaning
in GR. However, Equations (36) and (37) do not
involve any space or time coordinates. They are
physical restrictions on the gravitational wave
imposed by the existence of the minimum length
and by the constancy of the speed of light. In
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other words, they are physical restrictions on
the gravitational wave imposed by a quantum
space. Therefore the restrictions contained in
Equations (36) and (37) should lead, in principle,
to observable effects. To confirm this idea we
need to find an observable physical quantity
associated with the gravitational wave. One such
physical quantity is the energy of the gravitational
wave. We know that electromagnetic waves
and gravitational waves propagated with the
same speed of light ¢ in empty space. Further,
as we saw in sections two and three, in the
Hamiltonian formalism Electrodynamics and GR
describe the same number of physical degrees of
freedom. We may then use these two similarities
between Electrodynamics and GR to support
the idea that Planck’s equation for the energy
of an electromagnetic wave, E hv, should
be valid also for a gravitational wave. Here E
is the energy of the wave, h = 27h with h the
Planck constant given in section four and v is the
frequency of the wave.

Since the frequency v of a wave is related to its
period P as v = P~' we can combine Planck’s
equation

E=hv (38)
with Equation (37) and write for a gravitational
wave

En:lwn:hi:hL

=1,2,..
Pn TLTP " o
Therefore we obtain
1 /2mh2cb
E’n = -
n hG
which can be written as
2rc? /h
E, = 2r¢ /e —1,2, .. (39)
n G

Equation (39) can be rewritten in a simple and
elegant way as

2T
En = 7EPE
n

n=1,2,.. (40)
where Epg is a Planck-Einstein energy Fpr =
Mpc? with Mp the Planck mass given in equation
(35). We have therefore obtained a natural
energy spectrum for gravitational waves. This
spectrum is defined in terms of the speed of
light ¢, Newton’s gravitational constant G, and

Planck’s constant h

30

6 CONCLUDING REMARKS

In this paper, based on what can be considered
as two complementary formulations of quantum
gravity, we first pointed out an evidence for the
fact that gravitational waves can propagate in
gravitational fields which are not weak. This
evidence is a gravitational generalization of the
Coulomb gauge of electrodynamics. Using the
notion of a minimum length predicted by LQG and
assuming the validity of Planck’s equation £ =
hv in the case of gravitational waves, we obtained
a spectrum for the energy of a gravitational wave
in terms of a Planck-Einstein energy Epg
Mpc?, where Mp is the Planck mass.
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